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Given:  MSO Query V(xy,...,xx), tree t
Answer:  { (vi,...,w) | t EV(vi,...,w) }

@ Problem: up to |t|* answers
@ Approach: Enumeration

@ build index structure
@ enumerate with small delay
@ fast updates of index structure

o Updates:

e change of a label
e insertion of a leaf
o deletion of a leaf
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Heavy Path Decomposition [BPV04,LM14]

Update time for Boolean queries: O(log?(n)) [BPV04]
Update time and delay for k-ary queries: O(log?(n))  [LM14]
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From Boolean to k-ary Queries

Boolean Query

MSO sentence W —  automaton A

MSO formula W(xy,...,xx) — node selecting automaton (A, S)

Node Selecting Automaton

A: finite automaton
S C Qk: setof selecting tuples

Answer:  {(v1,...,v) | run Ast. (A(v1),...,A(w)) €S}

The approach works for strings and trees.
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k-ary Queries: Monoids over Strings [LM14]

Transition monoid: (29°%55) @, idg x {0})
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S(S)={Q C Q| Q C s for some s € S}

m@®m={((q1,93), Q) | ((g1,2), Q1) € m,
((92,43), Q) € mp, @' = QLU Q }

Capture enough information about states to allow enumeration.
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k-ary Queries: Monoids over Strings [LM14]

Transition monoid: (29°%55) @, idg x {0})

/ ® \ Algorithm
@ @ @ Top-Down:
7N\ 7N search a position
@ @ @ @
/NN NN - Batiem L
a1 a a3 a4 as ag ay as filter tuples

S(S)={Q C Q| Q C s for some s € S}

m@®m={((q1,93), Q) | ((g1,2), Q1) € m,
((92,43), Q) € mp, @' = QLU Q }

Capture enough information about states to allow enumeration.
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Free Forest Algebra

tree formula alternative formula
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/' \ / \
b e an S
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/ \
c d
€ empty forest
a O empty context
a = g a,b,... atomic forests
ag, bgo, ... atomic contexts

The leaves of the formula correspond to the nodes of the tree.
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Forest Algebras
Result

Enumertion of MSO formulas on trees can be done in time:
Preprocessing  O( |Q[®-|S|-2%-n)
Delay O(|QI%-|S| -2k -k -log(n))
Updates O(1Q|°-1S| -2k -1og(n))

n  size of tree
|Q| number of states

|S|  number of accepting tuples
k  arity of the query
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Problem: depth(circuit) € Q(depth(tree))
Solution: tree decomposition of input tree
Better Solution: use forest algebra formulas
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Transition Algebra
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fi ®un b = { (91,93) | (g1,92) € fiand (q2,q3) € b }

forest = string of trees

horizontal monoid = transition monoid of a string automaton
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Transition Algebra

@ a2 a3 q q a2

95 Ga Ow / g % \

Transition Algebra

horizontal monoid:  (29°, ®uy,idg)
vertical monoid: (2(02)2,©V\/,id02)

aOw =1 ((q1,9),(g5,96)) | ((g1,92),(g3,94)) € c1 and
((g3,94),(g5,96)) € & }

forest = string of trees

horizontal monoid = transition monoid of a string automaton -



Circuits

Transition Algebra

qa q2 Q2 a3 q1 g3
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Transition Algebra

horizontal monoid:  (29°, ®uy,idg)
vertical monoid: (2(02)2,©V\/,id02)

f@uv c={ ((91,93):(94,95)) | (q1,42) € f and
((92,43), (q4,95)) € ¢ }

forest = string of trees

horizontal monoid = transition monoid of a string automaton ”



Circuits

Transition Algebra

qa q2 Q2 a3 q1 g3

/ \ ®HV/ q4 gs \ - q4 qs

Transition Algebra

horizontal monoid:  (29°, ®uy,idg)
vertical monoid: (2(02)2,©V\/,id02)

c®vh f={ ((91,43),(aa,95)) | ((q1,2),(qa,gs5)) € c and
(92,93) € f }

forest = string of trees

horizontal monoid = transition monoid of a string automaton ”



Circuits

Transition Algebra

qa q2 Q2 a3 q1 g3

/ \ ®HV/ q4 gs \ - q4 qs

Transition Algebra

horizontal monoid:  (29°, ®uy,idg)
vertical monoid: (2(02)2,©V\/,id02)
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Circuits
Transition Algebra

qa q2 Q2 a3 q1 g3

/ \ ®HV/ q4 gs \ - q4 qs

Transition Algebra

horizontal monoid:  (29°, ®uy,idg)
vertical monoid: (2(02)2,©V\/,id02)

v

Extended Transition Algebra

horizontal monoid:  (29°%5(5) @y, idg x {0})
vertical monoid: (2(@V*8S) Oy, idge x{0})

\
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