Dichotomies for Evaluating Simple Regular Path Queries

WIM MARTENS, University of Bayreuth, Germany
TINA TRAUTNER, University of Bayreuth, Germany

Regular path queries (RPQs) are a central component of graph databases. We investigate decision and enu-
meration problems concerning the evaluation of RPQs under several semantics that have recently been
considered: arbitrary paths, shortest paths, paths without node repetitions (simple paths), and paths without
edge repetitions (trails).

Whereas arbitrary and shortest paths can be dealt with efficiently, simple paths and trails become computa-
tionally difficult already for very small RPQs. We study RPQ evaluation for simple paths and trails from a
parameterized complexity perspective and define a class of simple transitive expressions that is prominent in
practice and for which we can prove dichotomies for the evaluation problem. We observe that, even though
simple path and trail semantics are intractable for RPQs in general, they are feasible for the vast majority of
RPQs that are used in practice. At the heart of this study is a result of independent interest: the two disjoint
paths problem in directed graphs is W[1]-hard if parameterized by the length of one of the two paths.
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1 INTRODUCTION

Regular path queries (RPQs) are an important feature of graph database query languages. They
allow users to reason about complex connections in graphs by enabling them to express queries
and subqueries over arbitrarily long paths. Essentially, RPQs are regular expressions that are
matched against labeled directed paths in graph databases. Currently, the openCypher project
[45], the LDBC Graph Query Language Task Force [3], and the World Wide Web Consortium
(W3C) [54] are considering how RPQ evaluation can be formally defined for the development of
Neo4j’s Cypher [44, 47] and SPARQL 1.1 [53], respectively. Several popular candidates that are
being considered for the semantics of RPQs are arbitrary paths, shortest paths, simple paths, and
trails ([4, Section 4.4], [47]).

We briefly explain these semantics. Given a graph, an RPQ r considers directed paths for which
the labels on the edges form a word in the language of r. We call such paths candidate matches. The
different semantics restrict the kind of paths that match the RPQ, i.e., should be returned as answers.
Arbitrary paths semantics imposes no restriction and returns every candidate match. Shortest paths
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semantics, on the other hand, only returns the shortest candidate matches, simple paths semantics
only returns candidate matches that do not have duplicate nodes, and trails semantics returns
candidate matches that do not have duplicate edges.

Under arbitrary paths semantics, the number of matches may be infinite if the graph is cyclic.
This may pose a challenge for designing the query language, even if one does not choose to return
all matching paths. Indeed, a popular semantics of RPQs is to return node pairs (x, y) such that
there exists a matching path from x to y. Under bag semantics for node pairs,! where each (x, y) is
returned as often as the number of matches from x to y, one needs to deal with the case where this
number is infinite.

Under shortest paths, simple paths, and trails semantics, the number of matching paths is always
finite, which simplifies the aforementioned design challenge. However, these three versions face
other challenges. Simple paths and trails semantics may present complexity issues. Two fundamental
issues are that, in directed graphs, the problems of

e counting the number of simple paths or trails and
o deciding if there exists a simple path or trail of even length

from a given source to target node are hard (#P-complete [51] and NP-complete [32], respectively).
Indeed, the first problem implies that evaluating the RPQ a* under bag semantics is #P-complete and
the second one implies that deciding if the RPQ (aa)* returns at least one answer is NP-complete.?
Shortest paths semantics does not have these complexity issues, but it is unclear if its semantics
is always natural. For instance, under shortest paths semantics, if we ask how many paths exist
from x to y, then this number may decrease if a new, shorter, path is added.? For some queries, this
behavior may seem counter-intuitive to users.

Since there may be no one-size-fits-all solution, the openCypher project team recently proposed
to support several kinds of semantics for Cypher [47]. This situation motivated us to shed more
light on RPQ evaluation problems, focusing on the following aspects:

e We take into account a recent study that investigated the structure of about 250K RPQs
gathered from a wide range of SPARQL query logs [15]. It turns out that all these RPQs have
a relatively simple structure, which is remarkable because their syntax is not restricted by
the SPARQL recommendation.

e We do not only focus on decision problems but also on enumerating the answers to the RPQ.

e We investigate combined complexity, that is, problems in which the input consists of the
graph G and the RPQ r. We do this to obtain a precise idea about the complexity of RPQ
evaluation, both in terms of the data and the query.

Our main message is:

The complexity of RPQ evaluation under all four semantics (arbitrary path, shortest
path, simple path, or trail) is reasonable for the types of expressions occurring in query
logs. This holds both for decision versions and enumeration versions of RPQ evaluation.

More precisely, our contributions are the following:

(1) Taking into account the types of expressions occurring in the query logs of the study by
Bonifati et al. [15], we define the class of simple transitive expressions (STEs), which capture

ISPARQL 1.1 uses an approach similar to such a bag semantics.

2It is also known that answering the RPQ a*ba* under simple path semantics is at least as difficult as the Two Disjoint
Paths problem [41].

3Notice that each semantics only returns or counts the number of paths that match.

4 An alternative approach to the problem would be to study the so-called data complexity, but such an analysis considers the
query to be constant, which means that the complexity in terms of the RPQ can be arbitrarily high, even for tractability
results.
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over 99.99% of the expressions in the logs. The remainder of the expressions are unions of
STEs, except for one single expression.

(2) We then turn to RPQ evaluation as a decision problem. Since, in this case, RPQ evaluation
for arbitrary and shortest paths is known to be tractable, we first consider simple paths. This
problem is challenging because it contains special cases that are quite non-trivial. One such
case is testing if there exists a directed simple path of length exactly log n between two given
nodes in a graph with n nodes, which was shown to be in PTIME by Alon et al., using their
color coding technique [2]. The question if it can be decided in PTIME if there is a simple
path of length log? n has been open since 1995 [2]. Notice that these two problems are special

2
logn and alog n

cases of RPQ evaluation under simple path semantics (i.e., evaluate the RPQs a
in a graph where every edge has label a).

We therefore investigate RPQ evaluation from the angle of parameterized complexity where
we use the size of the RPQ as parameter (Sections 3.5, 4.2, and 5). We identify a property of
simple transitive expressions that we call cuttability and prove a dichotomy, showing that
the parameterized complexity for evaluating a class R of STEs is in FPT if R is cuttable and
W/[1]-hard otherwise. Examples of cuttable classes of expressions are {a*a* | k € N} and
{(a + b)*a* | k € N}. Examples of non-cuttable classes are {a*b* | k € N}, {aFba* | k € N},
and {a*(a + b)* | k € N}.

(3) We then turn to trail semantics and prove a dichotomy similar to the one for simple path
semantics. Here we show that, if a class R of STEs is almost conflict free, the parameterized
complexity of evaluation for R is in FPT and W[1]-hard otherwise. It should be noted that
every cuttable class of expressions is also almost conflict free, which makes evaluation under
trail semantics slightly “easier” than under simple path semantics.

(4) At the core of the dichotomies are two results of independent interest (Sections 4.2 and 5).
The first is by the authors of [25], who showed that it can be decided in FPT if there is a
simple path of length at least k between two nodes in a graph (Theorem 4.6). The second
is proved in this article and states that the Two Disjoint Paths problem is W[1]-hard when
parameterized by the length of one of the two paths (Theorem 5.5).

(5) We then turn to enumeration problems. We first observe that enumeration of arbitrary or
shortest paths that match a given RPQ can be done in polynomial delay, i.e., such that the
time between consecutive answers is polynomial (Section 8). In terms of simple paths and
trails, we prove that the dichotomies on STEs carries over to the enumeration setting.

Related Work. RPQs on graph databases have been studied since the end of the 80’s [18, 19, 56].
Given a graph database G, an RPQ r, and two nodes s and ¢, there are several natural fundamental
problems associated to RPQ evaluation:

o The decision problem: Does r match a path from s to ¢ in G?
e The counting problem: How many paths from s to t match r?
o The computation problem: Compute the set of paths from s to ¢ that match r.

The decision problem is well known to be tractable for arbitrary and shortest paths by using
standard automata techniques. Mendelzon and Wood [41] studied the problem for simple paths.
They observed that the problem is NP-complete for a*ba* and (aa)*. These two results heavily rely
on the work of Fortune et al. [26], who showed NP-completeness of the two disjoint paths problem,
and LaPaugh and Papadimitriou [32], who showed that the even length simple path problem is
NP-complete.

Bagan et al. [7] provided a dichotomy for the data complexity of the decision problem. They
defined a class Ciract such that the problem is in PTIME for each language in Ciyact and NP-complete
otherwise.
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The counting problem for arbitrary paths that match an RPQ r is #P-complete in general [30].5
However, if the RPQ is represented by a deterministic automaton (or even an unambiguous one),
the counting problem is in PTIME [36], since it can be reduced to counting the number of paths
in a graph without a restriction on the edge labels. The complexity results for arbitrary paths
can easily be extended to shortest paths. Indeed, all words have equal length in Kannan et al’s
#P-hardness proof [30]. Furthermore, the PTIME algorithm for RPQs represented by deterministic
or unambiguous automata also works if we need to count the words of a given length n.

The counting problem for simple paths is already #P-hard for the RPQ a*. This immediately
follows from the classical result of Valiant [51], which states that counting the number of simple
paths between two given nodes in a graph is #P-complete.

Concerning the computation problem, Ackerman and Shallit [1] proved that one can enumerate
the words accepted by a given NFA in polynomial delay. This is easily extended to RPQ evaluation
w.r.t. arbitrary paths and shortest paths, as we observe in Section 8. Simple paths can be dealt with
using Yen’s algorithm [57], which is a method to enumerate all simple paths between two given
nodes in polynomial delay. We build on this result in Section 8.2.

Yen’s algorithm was generalized by Lawler [34] and Murty [43] to a tool for designing gen-
eral algorithms for enumeration problems. Lawler-Murty’s procedure has been used for solving
enumeration problems in databases in various contexts [27, 29, 31].

Further related work concerning RPQs on graph databases are studies about the complexity
of SPARQL 1.1 property paths [5, 36], which are relevant because property paths extend RPQs.
The relative expressive power of graph query languages using transitive closures, data value
comparisons, and branching was investigated in [35, 50]. Finally, we refer to [4, 8] for general
overviews of the wide literature on graph databases.

In terms of methodology, we were heavily inspired by a line of work initiated by Frank Neven [10,
11, 39]. A practical study on the shapes of regular expressions [10] motivated the study of simple
regular expressions and k-occurrence regular expressions or RES¥ [39] and later work on schema
inference, e.g., [11].° Similarly, a practical study on the use of complex types in schemas for XML
data [9] motivated inference algorithms for learning XML Schema [12] and the design of the BonXai
schema language [38].

This article is a full version and extension of our ICDT 2018 paper [40]. In addition to providing
detailed and non-trivial proofs that were absent in [40], it also includes an entirely new dichotomy
for RPQ evaluation under trail semantics (Theorem 3.7).

2 PRELIMINARIES

By X we always denote an alphabet, that is, a finite set. A (2-)symbol is an element of . A word
(over X)) is a finite sequence w = aj - - - a, of X-symbols. The length of w, denoted by |w|, is its
number of symbols n. We denote the empty word by ¢. For 0 < i < j < n, we denote by wl[i, j] the
substring a; - - - a; of w.

We assume familiarity with regular expressions and finite automata. The regular expressions we
use in this article are defined as follows: 0, ¢, and every =-symbol is a regular expression; and if
r and s are regular expressions, then (r - s), (r + s), and (r*) are regular expressions. To improve
readability, we use associativity and the standard priority rules to omit braces in regular expressions.
We usually also omit the outermost braces. The size |r| of a regular expression is the number of

SKannan et al. proved that counting the number of words accepted by a non-deterministic automaton for a finite language
is #P-complete. This result trivially extends to RPQ evaluation.
SLater work used the term (extended) chain regular expressions to refer to the simple regular expressions from [39].
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occurrences of X-symbols in r. For example, |((a - b) - a)*| = 3. We define the language L(r) of r as
usual.

We use the following standard abbreviations and alternative notations: (rs) abbreviates (r - s),
(r?) abbreviates (r + ¢), and (r*) abbreviates (rr*). Furthermore, if S = {a;,...,a,} C %, then
we identify S with the expression (a; + - -+ + a,). We allow S = 0, in which case L(S) = 0. As
such, L(Z*) contains every word and L(0*) = {¢}. For n € N, we use r" to abbreviate the n-fold
concatenation r - - - r of r. We abbreviate (r?)" by r=". In the context of graph databases, regular
path queries (RPQs) are regular expressions that can be evaluated on graphs and return an output.
In this article, we will blur the distinction between them (language acceptors vs. queries) and use
“regular expression” and RPQ as synonyms.

A non-deterministic finite automaton (NFA) N over X is a tuple (Q, %, 8, Qr, Or), where Q is a
finite set of states, X is a finite alphabet, § : Q X X X Q is the transition relation, Q; C Q is the set
of initial states, and Qr C Q is the set of accepting states. By 6*(w) we denote the set of states
reachable by N after reading w, that is, §*(¢) = Qr and, for every word w and symbol a, we define
8*(wa) ={q | (¢’,a,q) € § and ¢’ € §*(w)}. The size of an NFA is |Q|, i.e., its number of states. We
define the language L(N) of N as usual.

2.1 Graph Databases

We use edge-labeled directed graphs as abstractions for graph databases. A graph G (with labels
in X) will be denoted as G = (V, E), where V is the finite set of nodesof Gand E C V XX XV is
the set of edges. We say that edge e = (u, a, v) goes from node u to node v and has label a. We use
a-edge to refer to an edge with label a and a-path to refer to a path that consists only of a-edges.
Sometimes we write an edge as (u,v) € V XV if the label does not matter. In this article, we assume
that graphs are directed, unless mentioned otherwise. Notice that our definition allows graphs to
have self-loops and multi-edges. The size of a graph G, denoted by |G|, is defined as |G| = |V| + |E|.
A path from node u to node v in G is a sequence

p = (v, a1,v1)(v1, a2,02) - - - (Vp—1, A, V)

of edges in G such that u = vy and v = v,,. For 0 < i < n, we denote by p[i, i] (or p[i]) the node
v; and, for 0 < i < j < n, we denote by p[i, j] the subpath (v;, aj41,vis1) . . . (vj-1,aj,v;). Apathp
is simple if all nodes vy, . . ., v, are pairwise different. It is a trail if it has no repeated edges, that
is, all triples (v;, aj+1, vi+1) are pairwise different. The length of p, denoted by |p|, is the number
n of edges in p. By definition of paths, we consider two paths to be different if they are different
sequences of edges. In particular, if two paths go through the same nodes in the same order and use
the same edge labels, then they are the same, but if they use different edge labels, they are different.
For succinctness, we sometimes also denote the path p as the sequence of nodes vyv; - - - v, if the
labels do not matter. (For instance, if we want to quantify over all such paths or if the graph does
not contain two edges with different labels between the same two nodes.)

The set of nodes of path p is V(p) = {vo, . ..,vn}. The word of p is a; - - - a,, and is denoted by
lab(p). Let L be a language, i.e., a set of words. Path p matches L if lab(p) € L. If r is a regular
expression (resp. N is an NFA), we simplify notation and also say that p matches r (resp. p matches
N) when p matches L(r) (resp., L(N)). The concatenation of paths p; = (vg, a1, v1) - - - (Vn-1, an, Uy)
and p2 = (Un, dn+1,Vn+1) * ** (Un+m—15 An+m» Un+m) is simply the concatenation p;p, of the two
sequences. Notice that the last node of p; needs to be the same as the first node of p,.

For several enumeration problems, we will consider the radix order on paths. To this end, we
assume that there exists an order < on X. We extend this order to words and paths. For words w;
and w,, we say that w; < w; in radix order if |wy| < |ws| or |wy| = |w;| and w is lexicographically
before w,. For two paths p; and p,, we say that p; < p, in radix order if lab(p;) < lab(p,).
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2.2 Enumeration Problems and Algorithms

An enumeration problem P is a (partial) function that maps each input i to a finite or countably
infinite set of outputs for i, denoted by P(i). Terminologically, we say that, given i, the task is to
enumerate P(i).

An enumeration algorithm for P is an algorithm that, given input i, writes a sequence of answers
to the output such that every answer in P(i) is written precisely once. If A is an enumeration
algorithm for an enumeration problem P, we say that A runs in polynomial delay if the time before
writing the first answer and the time between writing every two consecutive answers is polynomial
in |i|. By between answers, we mean the number of steps between writing the first symbol from an
answer until writing the first symbol of the next answer. We use the term preprocessing time to
refer to the computation time before writing the first answer.

2.3 Parameterized Complexity

Several of our results will involve parameterized complexity, on which we give a quick overview. We
follow the exposition of Cygan et al. [20] and refer to their work for further details. A parameterized
problem is a language L C ¥ X N where, as before, ¥ is a fixed, finite alphabet. For an instance
(x,p) € 2* X N, we call p the parameter. The size |(x, p)| of an instance (x, p) is defined as |x| + p.
A parameterized problem L is called fixed-parameter tractable if there exists an algorithm A, a
computable function f : N — N, and a constant ¢ such that, given (x, p) € * X N, the algorithm A
correctly decides whether (x, p) € L in time at most f(p) - |(x, p)|°. The complexity class containing
exactly the fixed-parameter tractable problems is called FPT.

In terms of parameterized complexity, Downey and Fellows [22] introduced the W-hierarchy,
where FPT = W[0] and W[i] € W[j] for all i < j. It is a standard assumption in parameterized
complexity theory that FPT # W[1]. In order to prove W[1] hardness, we need the notion of fpt-
reduction. If L and L’ are two parameterized problems, an fpt-reduction from L to L’ is an algorithm
R that, given an instance (x, k) of L, outputs an instance (x’, k’) of L’ such that

e (x,k) is a yes-instance of L if and only if (x’, k") is a yes-instance of L',
o k' < g(k) for some computable function g, and
e the running time of R is f(k) - |x|°") for some computable function f.

A famous complete problem for W[1] under fpt-reductions is k-Clique with parameter k [23].

3 MAIN RESULTS

We give an overview of computational problems that we will consider in the article. All these
problems are forms of the RPQ evaluation problem and their input will usually consist of two parts:

(a) a graph G, two nodes s and t in G, and

(b) an RPQ r.

As usual in database literature, part (a) is also called the data and part (b) the query. For a computa-
tional problem P and a set of RPQs R, we denote by P(R) the problem P where the RPQ r always
comes from R. When R is a singleton {r}, we also write P(r) instead of P({r}).

If we study the combined complexity of a problem P, which will be the default in this article, then
the input to P consists of both (a) and (b). In some cases, we will also refer to the data complexity of
P, which means that we consider (b) to be fixed. Formally, under data complexity, each fixed RPQ r
gives rise to a different computational problem P(r), for which the input is a graph G and nodes s
and t. As such, when we say that the data complexity of a problem P has a certain upper bound,
then it means that this upper bound holds for P(r), for every RPQ r. Likewise, when we claim a
lower bound for the data complexity of P, it means that there exists an RPQ r such that P(r) has
this lower bound.
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Fig. 1. A directed, edge-labeled graph

3.1 Main Problems

We now introduce the problems and the questions or the computational tasks that they ask:

(1) PathExistence: Is there a path from s to ¢ that matches r?

(2) SimPathExistence: Is there a simple path from s to ¢ that matches r?

(3) TrailExistence: Is there a trail from s to ¢ that matches r?

(4) CountPaths: How many paths from s to ¢ match r?

(5) CountShortestPaths: Among the paths from s to ¢ that match r, how many are the shortest?
(6) CountSimplePaths: Among the paths from s to ¢ that match r, how many are simple?

(7) CountTrails: Among the paths from s to t that match r, how many are trails?

(8) EnumShortPaths: Enumerate the shortest of the paths from s to ¢ that match r.

(9) EnumSimPaths: Enumerate the simple paths from s to ¢ that match r.

(10) EnumTrails: Enumerate the trails from s to ¢ that match r.

Here, all paths are assumed to be paths in G. We consider one problem with an additional input,
namely a number ¢ € N, encoded in unary:

(11) EnumPaths: Enumerate the paths from s to t of length £ that match r.

The reason why we consider this extra input is because the paths can become arbitrarily large.
Without the extra input £, the problem would trivially not be in polynomial delay, because, from a
certain point on, just writing the output cannot be done in polynomial time anymore.

Notice that each of these problems can be seen as a combination of two ingredients: a type of
computational problem and a type of path. Concerning the type of computational problem, we refer
to problems (1-3) as decision problems, problems (4-7) as counting problems, and problems (8—11)
as enumeration problems. Each of these considers arbitrary paths, shortest paths, simple paths, or
trails. We did not explicitly define a decision problem version for shortest paths, since this problem
is the same as PathExistence.

Example 3.1. The computational problems (4-7) have the following output on the graph in
Figure 1, nodes s and ¢, and RPQ r = a*b(a + d)*:

e CountPaths: infinite. There exists at least one matching path, at the beginning of which the
a-loop from s to v4 to s can be repeated arbitrarily often.

e CountShortestPaths: two. These paths are (s, a, v1)(v1, b, v2)(v2, a, $)(s, a, v3)(vs, a, t) and
(S, a, Ul)(vls b, UZ)(UZ9 a, S)(S, a, 03)(03’ d9 t)

e CountSimplePaths: zero. Every path from s to t that matches r uses the node s at least twice.

e CountTrails: six. The two shortest paths, the two shortest paths prefixed with (s, a, v4)(v4, a, s),
and the two shortest paths where we add the loop (s, a, v4)(v4, a, s) in the second visit to s,
i.e., after the edge (v3, g, s).
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Decision Counting Enumeration
Arbitrary paths in PTIME [48] in FP [48] in polynomial delay [1]
Shortest paths  in PTIME [48] in FP [48] in polynomial delay [1]
Simple paths  in PTIME [48] #P-complete [51] in polynomial delay [48, 57]
Trails in PTIME [48] #P-complete [51] in polynomial delay [48, 57]

Table 1. Complexities of fundamental path problems in graphs

Decision Counting Enumeration

Arbitrary paths in PTIME (folklore) #P-complete [30] in polynomial delay (Cor. 8.2)

Shortest paths  in PTIME (folklore) #P-complete [30] in polynomial delay (Cor. 8.2)
Simple paths NP-complete [41]  #P-complete [30] intractable
Trails NP-complete #P-complete [30] intractable

Table 2. Complexities of fundamental RPQ evaluation problems

3.2 Complexity Background

We provide an overview of the complexities of the decision, counting, and enumeration problems
when considering the different types of paths. Table 1 summarizes the complexities in the case
where the RPQ does not play a role in the problems. Formally, we can do this by choosing the RPQ
to be X*. In this section, we will call a problem tractable if, assuming that P # NP, there exists a
polynomial-time algorithm that produces a correct answer. In this sense, all the problems in Table 1
are tractable, except for the counting problems for simple paths and trails. The decision problems
are essentially four instances of the same problem, i.e., reachability. The counting problems for
arbitrary and shortest paths can be solved in FP (functional PTIME). Indeed, given a connectivity
matrix A, the matrix AX contains at entry (i, j) the number of paths of length k from node i to node
Jj. This matrix can be computed in PTIME. Using reachability tests (or an alternative algorithm to
detect loops), it can also be decided in PTIME if the number of paths from i to j is infinite. The
counting problem for simple paths is one of the first problems proved to be #P-complete [51]. The
problem for trails can be seen to be #P-complete by applying the standard split-graph reduction
(see Lemma 6.1(2) and [46, Theorem 2.1]). Enumeration of arbitrary and shortest paths was shown
to be in polynomial delay by Ackerman and Shallit [1]. Yen’s algorithm is well-known to enumerate
simple paths in polynomial delay [57] and can easily be adapted to work with trails using the
standard reduction to directed line graphs (see our Lemma 6.2(1) and [46, Theorem 2.2]).

This table changes significantly when RPQs enter the picture. Most notably: the decision problems
for simple paths and trails become NP-complete and the counting problems become #P-complete.
Concerning the decision problem, the case of arbitrary and shortest paths can be solved in PTIME
by finding arbitrary and shortest paths on a product between the graph database and an automaton
for the RPQ (see also [41, Lemma 1]). Mendelzon and Wood [41] proved that the decision problem
for simple paths is already NP-complete under data complexity [41]. More precisely, they show
that the problem is NP-hard already for the expressions (aa)* and a*ba*. The proofs are essentially
reductions from the even length simple paths problem [32] and the two disjoint paths problem
[26]. The NP-hardness result for data complexity can be carried over to trails using the split-graph
construction (see Lemma 6.1(1)), which splits every node in two.”

"We note that the RPQ also needs to be changed by applying this reduction. One can also adapt the reduction of Mendelzon
and Wood towards trails and obtain hardness for the expressions (aa)* and a*ba*.
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For completeness, we mention that Bagan et al. [7] investigated the data complexity of the
decision problem for simple paths in much more detail and provide a trichotomy for the complexity
of SimPathExistence. In particular, they define a class of RPQs Ciyqct such that SimPathExistence(r)
is in PTIME for all r € Ciact and NP-complete otherwise.

Concerning the counting problem, Kannan et al. [30] proved that counting the number of words
of a given length n in the language of an NFA N over alphabet {0, 1} is #P-complete. The proof can
trivially be adapted to produce a regular expression ry such that L(ry) = L(N). If we consider the
graph consisting of nodes uy, . . ., u, and edges (u;-1,0,u;) and (u;—1, 1,u;) forevery i = 1,...,n,
then the number of paths from u to u, that match the RPQ ry is precisely the number of words of
length n in L(N). Therefore, the counting problem for arbitrary paths and RPQs is #P-complete.
Since, on this particular graph, the answers for counting arbitrary paths, simple paths, and trails
are the same, and since all paths from u to u, have the same length, all four counting problems
are #P-complete.

Concerning enumeration, we show in Corollary 8.2 that enumerating arbitrary and shortest
paths can be done in polynomial delay. (Essentially it can be done by a path enumeration algorithm
on a product of the graph and an NFA for the RPQ.) Since already the decision problems for simple
paths and trails are intractable, the enumeration problems are intractable as well.

Conclusion. From a theoretician’s point of view, considering simple paths or trails for RPQ
evaluation may seem computationally too complex, since already the simplest version of the
decision problem is NP-complete

e under data complexity and, moreover,
e for very small RPQs such as (aa)* and a*ba*.

In the next section, we will see that the types of RPQs that users ask are different from those that
lead to high worst-case complexity.

3.3 RPQs in Practice are Simple

Bonifati et al. [15] performed an extensive study on the structure of property paths in SPARQL query
logs. Syntactically, SPARQL property paths are extensions of RPQs, since they have additional
operators for wildcards and for following edges in the reverse direction. In Table 3, we provide a
summary of the types of property paths found in the data of [15]. That is, Table 3 is not the table
appearing in [15], but we went over the raw data again and aggregated the types of expressions
slightly differently. In the table, we use the following conventions:

e Lower case letters denote single symbols.

e Upper case letters denote sets of symbols.

e We denote a wildcard test by 1.2

e We do not distinguish between following an edge in the forward or backward direction.”

e Each expression type also encompasses its symmetric form. For instance, when we write a*b,
we count the expressions of the form a*b and ba*. We always list the variant that occurred
most often in the data. That is, a*b occurred more often than ba*.

Under Expression Type, the table summarizes which types of expressions are in Bonifati et al’s data
set, sometimes parameterized by a number ¢ for which the next column describes the values that
were found. Relative describes which percentage of the 247,404 expressions fall into this expression

8We treat every expression of the form !a (“match every label that is not a”) as a wildcard. In the total corpus, 17 expressions
use the operator “!” in a slightly more complex way than just !a, for instance, (!a+!b)* or (a+!a)*, which boil down to
reachability tests in the graph and both of which we classified as LI*.

9That is, we treat the property path a the same way as “a. The operator * was used in 306 expressions.
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Expression Type €  Relative STE? Expression Type ¢  Relative STE?
(a1 +---+ag)* 2-4 29.10% yes abc* < 0.01% vyes
25.48% yes™ A+ Ag 2-6 <0.01% yes
a* 19.66% yes (a1 + az)? <0.01% vyes
aj---ag 2-6  8.66% vyes u* <0.01% yes™
a'b 7.73% yes ub* <0.01% yes™
(ap+---+ap) 1-6 6.61% yes u? <0.01% yes™
(a;+---+ap)t 1-2 1.54% yes (ab*) + ¢ <0.01% no
ai?ax?---ae? 1-5 1.15% yes a*+b < 0.01% no
a(by + by)? 0.01% vyes a+bt <0.01% no
ajas?---ap? 2-3 0.01% vyes at+b* <0.01% no
a*b? <0.01% vyes (ab)* <0.01% no

Table 3. Structure of the 247,404 SPARQL property paths that were also used in the query logs investigated
by Bonifati et al. [15]. The structure is sometimes in terms of a variable £ € N, for which the second column
indicated the values that were found in the logs. Relative indicates which percentage of the 247,404 property
paths have this structure.

type. We discuss STE? in the next section. Perhaps surprisingly, we see that the property paths
found in the query logs of Bonifati et al. are not very complex.

The query logs in the study of Bonifati et al. [15] came almost exclusively from DBpedia, Semantic
Web Dog Food, LinkedGeoData, BioPortal, OpenBioMed, and the British Museum, ranging from
2009 until 2016. Since the logs had 56 million unique queries, property paths did not occur often,
i.e., in about 0.4% of the queries. However, this seems to be an artifact of the underlying data. In
a more recent study on Wikidata query logs, containing 35 million unique queries, a drastically
larger 38.94% of the queries use property paths [14]. Perhaps surprisingly, the types of expressions
found in that study are similar to those presented here.

3.4 Simple Transitive Expressions
We will define simple transitive expressions (STEs), with the intent of capturing the vast majority
of the expressions in Table 3. Intuitively, simple transitive expressions aim at capturing the most
basic navigation in graphs:

(1) first follow a path of length exactly k or at most k (for some k € N),

(2) then do a transitive closure step,

(3) finally, follow a path of length exactly € or at most € (for some ¢ € N).
All three steps are subject to label tests. Furthermore, any step can be omitted, so a simple transitive
expression can also express that paths must have length between k and k + ¢. Formally, we define
them as follows.

Definition 3.2. An atomic expression is of the form A C ¥ with A # 0. A bounded expression is
a regular expression of the form A; - - - Ag or A;?--- Ax?, where k > 0 and each A; is an atomic
expression. Finally, a simple transitive expression (STE) is a regular expression

BpreT*Bsuff,
where By and By are bounded expressions and T is () or an atomic expression.
Notice that, by taking T = 0, the subexpression T* only matches ¢ and the STE defines a finite
language. We believe that STEs capture many RPQs that users ask in practice. In Table 3 the
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column STE? indicates whether the expression is an STE. Here, we write “yes(*)” to indicate that the
expression is an STE if a wildcard is treated the same as a set of labels A. (Our algorithms indeed
can be generalized to incorporate wildcards.)

In total, we saw that only 20 property paths are not STEs or trivially equivalent to an STE (by
taking T = 0 in the definition of STEs, for example). For instance, the expression type a1a,? - - - az?
is equivalent to an STE where By = a1, T = 0, and By = a,? - - - a,?. In this sense, 99.992% of the
property paths in Table 3 correspond to STEs.

In fact, all expressions except for (ab)* are unions of STEs. Unions of STEs can be handled by
our evaluation algorithms for simple paths and trails by running it over each STE in the union
separately. The expression (ab)* is the only one left to which our techniques do not apply. It is
difficult to evaluate, because even the data complexity of SimPathExistence is NP-complete for
(ab)* [7]. Coincidentally, we discovered that the SPARQL query containing this expression was not
generated by an ordinary user, but by a researcher who was trying to test the robustness of the
SPARQL engine [52].

ProrosITION 3.3. The data complexity of SimPathExistence is in polynomial time for every STE.

Proor. The proposition states that, for every STE r, the complexity of SimPathExistence(r) is
in polynomial time. This is an easy consequence of the work of Bagan et al. [7]. Following their
dichotomy for the data complexity of SimPathExistence, every STE is in the class which they call
Ctract and for which the problem is in polynomial time. ]

3.5 Complexity Results on Simple Transitive Expressions

The main focus of the article will be a study of SimPathExistence and TrailExistence from a
parameterized complexity perspective. The reason why we focus on parameterized complexity is
that SimPathExistence is trivially NP-complete because it encompasses the NP-complete HaAMILTON
PaTH problem. Indeed, given a graph G with n nodes and only a-edges, nodes s and t, and RPQ
a1, the SimPathExistence problem asks if there is a Hamiltonian path from s to t in G. Using
Lemma 6.1(3), NP-completeness also follows for TrailExistence.

We can obtain a more precise view on the problem by looking at its parameterized complexity.
Alon et al. [2] proved that SimPathExistence for graphs with n nodes and RPQs of the form a* is
fixed-parameter tractable in k, using their famous color-coding technique. We note that a precise
view on the parameterized complexity of SimPathExistence subsumes long-standing open problems.
For instance, SimPathExistence is in PTIME if k = log n [2], but the question if SimPathExistence
is in PTIME if k = log® n has been open since 1995 [2].1°

3.5.1 Two Dichotomies for Simple Transitive Expressions. We will explain our main results w.r.t.
the parameterized complexity of SimPathExistence and TrailExistence, that is Theorem 3.5 and
Theorem 3.7. The instances (x, p) of the problems will always be such that x encodes the graph G
and regular expression r, and the parameter p is |r|. For every problem (1-11) from Section 3.1, we
refer to its parameterized version by prefixing it with P. For instance, PSimPathExistence refers to
the parameterized version of SimPathExistence.

Likewise, we denote by PSimPathExistence(R) and PTrailExistence(R) the problems PSimPath-
Existence and PTrailExistence where the RPQ from the input always comes from the class of regular
expressions R. We will sometimes denote a class of RPQs by a regular expression r that uses a

10Bjsrklund et al. [13] showed that, under the Exponential Time Hypothesis (ETH), for any nondecreasing polynomial time
computable function f that tends to infinity there is no PTIME algorithm that can decide if there exists a simple path of
length Q(f(n)log? n) between two nodes in a graph of size n. Chen and Flum [17, Theorem 12] showed that, under the
ETH, deciding whether there exists a simple path of length log? n in an undirected graph cannot be in polynomial time.
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Fig. 2. Assumer = A;p-- ~Ak1T*A;<Z -+ + A has left and right cut borders ¢; and ¢y, respectively. Assume that

an arbitrary path from s to t matches r such that its length ky prefix and length k suffix do not have loops
and are node disjoint. If, after removing all loops, (1) the length c1 prefix and length c suffix are still the same
and (2) the path still has length at least k1 + k2, then it matches r.

variable k. By doing so, we refer to the class of regular expressions obtained from r by replacing
k by every possible number from N. For example, a“b* denotes the class of regular expressions
{b*, ab*, aab*, aaab®, .. .}. (We do this to be able to discuss some classes of expressions, using a
simple notation. If we use this convention, we will consistently denote the variable by “k”.)

Dichotomy for Simple Paths. We first define the notions that we need for the dichotomy for simple
paths.

Definition 3.4. Let r = By T"Bsusr be an STE. If B, = Ay - - - Ag,, then the left cut border ¢, of 7 is
the largest value such that T ¢ A, if it exists and zero otherwise. If By = A;? - - - Ay, ?, then the
left cut border is zero. Symmetrically, if Bgyg = A;{2 -+ Al, then the right cut border c, of r is the
largest value such that T ¢ A;Z if it exists and zero otherwise. (Notice that the indices in By are
reversed.) If Bgug = A;Cz? --- A1?, then the right cut border is zero.

We explain the intuition behind cut borders in Figure 2. For ¢ € N, an expression is c-bordered
if the sum of its left and right cut borders is c. We call a class R of STEs cuttable if there exists a
constant ¢ € N such that each expression in R is ¢’-bordered for some ¢’ < c.

We can now prove a dichotomy on the complexity of PSimPathExistence(R) for classes of STEs
R, if R satisfies the following mild condition. We say that R can be sampled if there exists an
algorithm that, given k € N, returns an expression in R that is k’-bordered with k' > k, and
“no” if there is no such expression. We need the condition that R can be sampled to prove the
W/[1]-hardness. For this reason, this condition is no longer needed in the upper bound results
(Lemma 4.17 and Theorem 8.7).

THEOREM 3.5. Let R be a class of STEs that can be sampled.

(a) If R is cuttable, then PSimPathExistence(R) is in FPT and
(b) otherwise, PSimPathExistence(R) is W[1]-hard.

The result will follow immediately from Lemma 4.17 and Lemma 5.6. Notice that the difference
between cuttable and non-cuttable classes of STEs can be subtle. For instance, a*b* and a*(a + b)*
are non-cuttable, but (a + b)k a* is cuttable. Looking back at Table 3, we see that abc* is 2-bordered
and all other STEs are either 0-bordered or 1-bordered. It therefore seems that cut borders in
practice are small and over 99% of the expressions fall on the tractable side of Theorem 3.5.

Dichotomy for Trails. We now present a dichotomy for trails which is, perhaps surprisingly,
slightly different in the sense that more classes of expressions fall on the tractable side. For in-
stance, PTrailExistence(a*b*) is in FPT because the a-path and the b-path can be evaluated in-
dependent of each other (no a-edge will be equal to a b-edge). On the other hand we have that
PTrailExistence(a*ba*) is W[1]-hard.
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Definition 3.6. Letr = Ay -- -Ale*A;<2 --+ Al be an STE with left cut border c; and right cut
border c;. We say that A; with i < ¢; (resp., A} with j < ¢;) is a conflict position if A; N T # @ (resp.,
A;NT # 0). We say that a class R of STEs is almost conflict free if there exists a constant ¢ such
that each r € R has at most ¢ conflict positions.

Observe that the class of almost conflict free STEs is larger than the class of cuttable STEs. For
instance, b*a*ba*a* is almost conflict free, because every expression in the class has three conflict
positions, namely the positions corresponding to the three leftmost a’s. On the other hand, the left
cut borders are on position k + 4, which can become arbitrarily large.

We say that R can be conflict-sampled if there exists an algorithm that, given k € N, returns an
expression in R that has k” conflict positions with k” > k, and “no” if there is no such expression.
Our main dichotomy for trails is the following.

THEOREM 3.7. Let R be a class of STEs that can be conflict-sampled.

(a) If R is almost conflict free, then PTrailExistence(R) is in FPT and
(b) otherwise, PTrailExistence(R) is W[1]-hard.

This theorem follows immediately from Lemma 7.3 and Lemma 7.4.

3.5.2  Results for Enumeration Problems. Concerning enumeration, we prove that both Theo-
rem 3.5(a) and Theorem 3.7(a) can be strengthened to give rise to FPT delay algorithms, i.e.,
algorithms in which the preprocessing time and delay between answers is fixed-parameter tractable.
We do not revisit hardness, because already the decision versions of the problems are hard.

3.5.3  Results for Counting Problems. We do not prove new results concerning counting problems,
because the picture is already relatively clear. Flum and Grohe [24, Theorem 5.1] showed that it
is #W[1]-complete to count simple paths of length k in a directed graph. They do not consider
dedicated source and target nodes s and ¢, but the problem of counting all paths of length k can
easily be reduced to counting all paths of length k + 2 between two nodes s and t: we simply add
two new nodes s and ¢ and edges (s, v) and (v, t) for all v € V. Notice that this also means that
counting the number of paths of length at least k is hard, since the number of paths of length k is
the number of paths of length at least k, minus those of length at least k + 1. As these hardness
results don’t use edge labels, the same hardness results apply for trails (using for example the
reduction from Perl and Shiloach [46]). These results imply that counting is already #W[1]-hard
for all classes of STEs that simply put a length constraint (length at most, at least, or exactly k) on
paths, both for simple paths and trails. Notice that, for FPT results with parameter k, it does not
matter if k is given in unary or binary.

3.6 What Does This Mean for Systems?

If we interpret Theorems 3.5 and 3.7 in the light of the real world property paths in Table 3 we can
observe the following.

Concerning simple paths semantics, Theorem 3.5 tells us that PSimPathExistence(R) is fixed-
parameter tractable for cuttable classes R. This result, together with the observation that the largest
cut border in Table 3 is two, and therefore very small, can be seen as an explanation why, in practice,
simple paths semantics usually does not bring systems to their knees, even though this would
theoretically be possible using regular expressions such as (aa)*.

Looking closer, we prove that PSimPathExistence is in time 207D . |V|¢*3 . |E| in the worst
case (Lemma 4.17), where |r| is the size of the RPQ, ¢ is the largest cut border in R, and |V| and
|E| are the number of nodes and edges in the graph, respectively. In Table 3, the largest value of
c in STEs or unions thereof is two (for abc*), and |r| is relatively small. We also note that this is
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a worst-case bound. In most practical settings, we expect that the run-time of even more naive
evaluation algorithms will not come close to requiring |V|°** time for these simple expressions.
Indeed, a major complexity bottleneck in the evaluation algorithm is the subroutine that deals with
“simple paths of length at least k”, satisfying a label constraint given by the STE. For queries and
graphs in which this problem is efficiently solvable, we expect STE evaluation to be efficiently
possible as well.

The story for trails is similar. Here, we have that PTrailExistence(R) is fixed-parameter tractable
for even more classes R, namely those that are almost conflict-free. The precise complexity guar-
antees that we provide in this case are worse than for simple paths (run time 207D . E¢+6 in
Lemma 7.3), but this is mainly because we have developed our methods for simple paths and then
adapted them for trails. In this complexity bound, ¢ does not refer to the expressions’ cut border,
but to its number of conflict positions, which can be smaller (but cannot be larger). Again, a major
complexity bottleneck is the subroutine that deals with “trails of length at least k”, with label
constraints.

4 MAIN UPPER BOUND
4.1 Preliminary Technical Result: Downward Closed Languages

We first recall a useful result, Lemma 4.1, for which we need some definitions. A language is
downward closed if it is closed under taking subsequences, that is, for every word w = a; ---a, € L
and every sequence 0 < i; < --- < i < n+ 1, we have that a;, - - - a;, € L."* The product of graph G
and NFA N = (Q, 2, A, Qr,Qr) isa graph (V/, E') with V' = (VX Q) and E’ = {((u1, q1), a, (U2, q2)) |
(u1,a,u2) € E and (¢1, g, q2) € A}. We denote this product by G X N. Notice that simple paths in
G X N may use nodes (u, q1) # (4, g2) and may therefore correspond to non-simple paths in G. We
will use the following lemma to deal with downward closed parts of STEs, to be more precise, with
bounded expressions of the form A;? - - - Ax? and the transitive part T* in the enumeration setting.

LEMMA 4.1 (THEOREM 5 IN [41]). Let N be an NFA for a downward closed language. Let G be a
graph and s and t be nodes in G. Then we can decide if there is a simple path from s tot that matches
N in time O(|N]|G|).

Proor. The algorithm consists of two steps. First construct the product between N and G, which
takes time O(|N||G|). Then, test if (¢, f) is reachable from (s, i) for some accepting state f and
initial state i. Indeed, (t, f) is reachable from (s, i), if and only if there exists some path p from s to
t that matches N. Since L(N) is downward closed, the simple path obtained from p by removing all
loops still matches N. O

Instead of reachability, we can use the algorithm of Ackerman and Shallit [1, Theorem 1] that
finds a minimal word in an NFA N in 0(|N|?n?) operations, where n is the length of the shortest
word in L(N). As a result, we can prove that, if L(N) is downward closed, it is possible to output a
smallest simple path in radix order that matches N in polynomial time. (If L(N) is not downward
closed, then the smallest path that matches N is not necessarily simple.)

PROPOSITION 4.2. Let N be an NFA such that L(N) is downward closed. Given a graph G and two
nodes s and t, a shortest simple path from s tot in G that matches N can be found in time O(|G||N]|) if
such a path exists. A smallest such path in radix order can be found in time O(|G|?|N|?|V|?) if it exists.

1The term downward closed comes from being closed under taking the smaller elements in the subsequence ordering which,
due to Higman’s Lemma, is a well quasi ordering.
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Proor. Let G be a graph. Concerning a shortest path, the algorithm from Lemma 4.1 can easily
be adjusted to return a shortest path, for instance, using breadth-first search for the reachability
test. This does not influence the time bound.

Concerning a smallest path in radix order, we first observe that each shortest path from s to ¢
in G that matches N is simple — otherwise we could obtain a shorter path by making the path
simple (i.e., removing edges that form a loop), and obtain a path that still matches N because L(N)
is downward closed. Clearly, if i and f are an initial and accepting state of N respectively, then
every shortest path from (s, i) to (¢, f) in G X N corresponds (replacing nodes (u, q) with u) to a
shortest path from s to t in G that matches N. Furthermore, each shortest path from s to t in G that
matches N corresponds to one or more paths in G X N.

So we can find a smallest simple path in radix order by viewing GX N as an NFA, using the method
of Ackerman and Shallit [1, Theorem 1] to find a smallest path in radix order, and then output
the corresponding path in G. We need O(|N||G|) time to construct the product and O(|N|?|G|?|p|?)
time to compute a smallest path p in radix order in G X N. O

4.2 Representative Sets and Simple Paths with Length Constraints

To prove Theorem 3.5(a), we need the representative sets technique [25]. At their core, this technique
can be used to prove that the following parameterized problems are in FPT:
e PSimPathLength: Given an instance (G, s, t, k) with parameter k € N, is there a simple path
from s to ¢t of length exactly k in G?
e PSimPathLength: Given an instance (G, s, t, k) with parameter k € N, is there a simple path
from s to t of length at least k in G?
Before we explain the representative sets technique, we first restate some important results on
these problems: Alon et al. [2] proved that PSimPathLength is in FPT, using their famous color
coding technique. For the theorem statement, we assume that G = (V, E).

THEOREM 4.3 (ALON ET AL. [2]). PSimPathLength is in time 2°%)|E|log |V| and therefore in FPT.

Bagan et al. [6, Theorem 7] combine color coding and dynamic programming to prove that, given
graph G, nodes s, t, an NFA A, and a number k, deciding if there is a simple path from s to ¢ of
length at most k that matches L(N) can be done in time 2°®)|N||G|log |G|. In their proof they
actually show that it is in time 2°®)|N||G| log |V'|. From this, the following can be inferred.

LEMMA 4.4 (IMMEDIATE CONSEQUENCE OF COROLLARY 1 IN BAGAN ET AL. [6]). Let G = (V,E) be
a graph, s, t be nodes of G, and N be an NFA accepting a finite language. It can be decided in time
20UND|G|log |V| if there exists a simple path from s tot in G, labeled with a word from L(N).

COROLLARY 4.5. Let R be a class of STEs defining finite languages. Then PSimPathExistence(R) is
in FPT or, more precisely, in time 2°U"D|G|log |V|.

PSimPathLength® can be shown to be in FPT by adapting methods from Fomin et al. [25].
They proved that testing the existence of simple directed cycles of length at least k is in FPT and
discovered that their technique also works for paths [21]. The following theorem is therefore by
the authors of [25].

THEOREM 4.6 (SIMILAR TO THEOREM 5.3 IN [25]). PSimPathLength® is in FPT. More precisely, it is
in time 200 . |E||V|log |V|.

We received a proof sketch of the result from Holger Dell [21] (who attributed the result to Fomin
et al., the authors of [25]). Next, we provide a self-contained generalization of Theorem 4.6 that
deals with edge labels, based on the proof sketch we received. Our contribution is the generalization
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of the approach towards the extra condition that checks the labels of the path. We emphasize that
the most complex part of the proof concerns the length constraints and is due to the authors of [25].

One way to test whether there exists a simple path from s to t of length at least k is to find a
simple path pj of length exactly k such that there is a path from the last node of p to t that avoids
Pk But the number of such paths py is n!/(k!(n — k)!). So naively testing and enumerating all paths
is not fixed-parameter tractable in k. We therefore need a way to decrease the number of such
paths we need to consider. We can do this using the following notion, originally introduced by
Monien [42].

Definition 4.7 (k-representative family [25]). Given a set of nodes V, an integer k € N, and a
set S containing subsets of V, all of size £, for some ¢ € N, we say that a subfamily ScSis
k-representative for S if the following holds: for every set Y C V of size at most k, if there is a set
X € 8 disjoint from Y, then there is a set X € S disjoint from Y. We abbreviate this by Sck s.

=rep
Intuitively, if one needs to be able to avoid k-element sets, it is sufficient to store a k-representative
set. Notice that each set S is trivially k-representative for itself. The crux is that we want to be able
to compute k-representative sets that are small. The condition that all sets in S have the same size
is just a technicality that allows us to simplify proofs later.
In the following, s, v are nodes and r is a regular expression of the form A; - - - Ay for some k € N.
We define

Pg, =={V(p) | there is a simple path p from s to v in G that matches r}.

Notice that, by definition of r, these simple paths from s to v in G have length k. Therefore, all sets

in P{ , have exactly k + 1 elements.

We next show that representative sets Psr o Qfe” P, exist for each node v € V and can be
constructed in fixed parameter tractable time. We restate the relevant parts of Lemma 3.3 and
Corollary 4.16 from [25] since we need them in the proof. Lemma 4.8 states that the relation “is
a k-representative set for” is transitive. Corollary 4.9 gives a rough time and space bound for

computing k-representative sets.

LEmMMA 4.8 (LEMMA 3.3 IN [25] FOR DIRECTED GRAPHS). Given a graph G = (V,E) and a family S
of subsets of V. IfS ck S and S’ ck S, then S k. S.

=rep =rep =rep

COROLLARY 4.9 (COROLLARY 4.16 IN [25], WITHOUT WEIGHT FUNCTION). There is an algorithm
that, given a family A of sets of size { over a set V of nodes and an integer k, computes in time

k+¢
ol ( = ) 2200 Jog V|

a subfamily A k) A such that |A| < () - 200+0.

=rep
We now adapt Lemma 5.2 in Fomin et al. [25] to show a time and space bound for representative
sets Ps’ v _rep . under label constraints. We will need this to deal with the bounded parts of STEs
later.
LEMMA 4.10. For each regular expressionr = Ay --- Ap and k > £, there is a collection of families
Psrv _,ep Pg , withv € V'\ {s}, each of size at most (k+[+l) 200+0) This collection of families can be

computed in time O(85+°®)|E| log |V | + |r||E]).

ProoF. Fomin et al. use in their complexity analysis that, given (u, v), one can test if there exists
an edge from u to v in the graph in constant time. We first preprocess the graph so that, given
(u,v) e VxVandice€{1,...,£}, we can test in constant time whether there is an edge from u to
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Dichotomies for Evaluating Simple Regular Path Queries 2:17

v with a label in A;. Such preprocessing consists of annotating each edge with a ¢-bit vector and
takes time O(|r||E|). (For each edge, and each A;, test if the edge label is in A;.)

We describe a dynamic programming algorithm. We assume w.l.o.g. that the nodes in V are
named {s,v1,...,v,_1}. Let D be an € X (n — 1) matrix where the rows are indexed with integers in
1,...,{ and the columns are indexed with nodes in {vy,...,v,_1}. Fori =1,...,¢, we will denote
by r; the prefix A; - - - A; of r. The entry D[i, v] will store a family psrfv Qfe;‘)"' Pgi, of size at most
(k;ffrl) . 20(k+0) We fill the entries in the matrix D in increasing order of rows. For i = 1, we set
D[1,v] = {{s,v}} if G has an edge (s, a,v) with a € A; and D[1,v] = 0 otherwise. Assume that we
have filled all the entries until row i — 1. For two families of sets A and B, we define

AeB={XUY|XeA YeB, andXNY = 0}.
We denote by 3(u, A;, v) that there exists an edge (u, a,v) with a € A;. Let

Noy= | P e qo),

Au,A;,0)
Before we continue, we adapt Claim 5.1 in [25] such that it takes r into account, that is:

Cramv 4.11. N{', ckré=i pliy

5,0 =rep

ProOF. The proof is by induction on i. Let S € P;,, and Y be a set of size at most k + £ — i such
that SN'Y = 0. We will show that there exists a set S’ € N, such that S’ N'Y = 0. This will imply
the desired result. Since S € P/, there exists a simple path P = (s,u;) - - - (4;—1, v) in G such that
S = V(P) and the predicate 3(u;_1, A;, v) is true. The existence of the path P[0, i — 1], the subpath
of P from s to u;_y, implies that X" = S\ {v} € P¢%;} . Take Y’ = Y U {v}. Observe that X' NY’ = 0
and |Y’| < k + € — i+ 1. Since PJ’;} | gﬁ;‘}‘”l P} by induction, there exists a set X € PJ;! |
such that X’ N'Y’ = 0. However, since A(uj—1,Aj,v) and v ¢ X’ (because X'ny = 0), we have
X' e {v} =X’ U{ov}and X’ U {0} € N;i,. Taking S’ = X’ U {v} suffices for our purpose. This
completes the proof of the claim. O

We fill the entry for D[i, v] for i > 2 as follows. Observe that
Ny = | Dli-1ule{o}.
Au,Aj,v)

Let us denote by d™(v) the indegree of v, i.e., the number of edges that end in v. We already have
computed the family corresponding to D[i — 1,u] for all u. By construction, we have |13$rf,;1| <
(k+f+1)2°<k+€) and thus also [N, < d‘(v)(k+f+1)2"(k+f). Furthermore, we can compute N, in
time O (d‘(v)(k+f+1)2"(k+€)). Recall that, due to the preprocessing, we can test if there’s an edge
with label in A; in constant time. Now, we use Corollary 4.9 on Nsr“;,, which contains sets of size
(i+ 1), to obtain a (k + £ + 1 — (i + 1))-representative, i.e., (k + £ — i)-representative subfamily /\A/srfv
of size at most (k+[1+1) - 200k*0) i time

i+

1) . 20((k+€—i)+(i+l)) . log |V| )

ke £+ 1) oerey (kL= D)+(+1) ke
i k+¢—i

d_(v)(

1

By Claim 4.11, we know that A%, Kt~ P{i,. Thus, Lemma 4.8 implies that Nj, Cki(~F P,

We define Psrfv =N ' and assign this family to D[i, v]. This completes the description and the
correctness of the algorithm.
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ALGORITHM 1: FLPS ALGORITHM WITH RESTRICTED STE

Input: Graph G = (V, E), nodes s, t in G, regular expression rT* withr = A; --- Ap and T C A; for all i
Output: Decide if there exists a simple path from s to ¢ that maches rT*

for everyv € V do

Compute PT | ck+1 pr

s,v =rep *s,v

for every X € ﬁsrv do
V' — (V\X)U {v}
E' — EN(V'XTxV’)
if there exists a path fromv tot in (V’, E’) then
L return YES

return NO

° o
P Uk, ot /_\;}vk
~e se’ L @Uk +1

- T~ e 7 Un—k

’ Uk, +1 P’ .
P ke
Un—k-1

Fig. 3. This figure shows how we partition a shortest simple path p in the proof of Lemma 4.12 if p is short
(left) or if p is long (right). Notice that V(P), V(Q), and V(R) are pairwise disjoint.

Notice that, if we keep the elements in the sets in the order in which they were built using
the e operation, then they directly correspond to paths. As such, every ordered set in our family
represents a path in the graph.

Since our only change was that we test 3(u, A;, v) instead of the existence of an edge (u, v), the
time bound O (8k+°(k)|E| log |V|) [25, Lemma 5.2] carries over, modulo the additive O(|r||E|) term
for preprocessing that we used to test 3(u, A;, v) in constant time. The size bound is still guaranteed
by Corollary 4.9. O

Notice that Claim 4.11 will not work for arbitrary regular expressions. We used in the claim that
if there exists an edge (u;—1, a,v) with a € A;, then we can add v to any set X’ € P’}  to obtain a
valid set in N;,. For arbitrary regular expressions this is not the case, an example being (aa + bb).

4.3 Algorithms for Simple Paths

We now present an algorithm that solves PSimPathExistence for the case where the RPQ is of
the form A; - - - A¢T* and is 0-bordered, that is, T C A; for all i, see Algorithm 1. The algorithm
computes, for every node v, a (k + 1)-representative set Psr’v in line 2 (for r = A;---Ag) and
subsequently iterates over each set of nodes X in 153’ o to test if there is a path from v to ¢t that
avoids X.

For the correctness of the algorithm, the next lemma is crucial.

LEMMA 4.12. Let r1T* be a 0-bordered expression withry = A - - - Ag, and let L(r;) be an arbitrary
finite language with words up to length k,. We define k = ki + ky. Then, G = (V, E) has a simple path
from s tot that matches riT*r, if and only if there exists a nodev € V and X € P¢', Q’fej{,l P, such

that G has a simple path from s tot that matches riT*r, and with the first k; + 1 nodes belonging to X.
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Dichotomies for Evaluating Simple Regular Path Queries 2:19

Proor. The if direction is straightforward. For the only-if direction, let p = (vg,a;,v1) -+
(Un-1, an,vn) be a shortest simple path from s to ¢ that matches r;T*r,. We first give the intuition
of the proof. We will partition p as depicted in Figure 3, depending on whether p is short or long.
Here, p is the path consisting of the solid edges. Since P and Q are disjoint, we will find a path P’
with V(P’) € 13;”11) that is node-disjoint from Q. We then show that, if p is long, P’ and R must be
disjoint, otherwise it will contradict p being a shortest path.

More precisely, we make the following case distinction. If [p| < 2k; + kz + 1, we define P =
(vo, a1,v1) -+ (g, -1, Aky» Vk,) and Q = (Vg 41, Ak, 42> Uk, +2) - * * (Un—1, @n, Up). Clearly, P matches r
and (vg,, Ak, +1, Vk,+1) - Q matches T*r,. We have that V(P) € Psr,‘vk1 , we have |V(Q)| < k+ 1, and
V(P)NV(Q) = 0. Let PQUh be a (k + 1)-representative set of Psr}vkl . Then there exists a set X € Ps'kal
with X NV(Q) = 0. By definition of Psrkal , there exists a simple path P’ from s to vy, with V(P’) = X
that matches r;. Therefore, P’ - (v, , ak,+1, Uk, +1) - Q is a simple path from s to ¢ that matches r T*r,.

Otherwise, we have |p| > 2k; + k; + 1. We define P = (vp, ay,v1) - - (Vg -1, Gk, Uk, ), R =
(Vky 415 A2, Vky42) * * * (Vn—k—2, Gn—k—1, Vn—k—1)> and Q = (Up_k, Gn—k, Vn—k+1) - (Vn-1, an, Un). We
thus have

P =P (vk, a1, Vi +1) - R - (Vn—k=1, Gn—k» Vn-k) - Q.
Since p matches r1T*r;, we furthermore know that P matches r;, R matches T, and Q matches
T*Tk1r,.12 Since |[V(Q)| = k + 1, V(P) € Pgly,, - and V(P) N'V(Q) = 0, the definition of Psrkal Qfg{,l
Psr}vkl guarantees, similar as in the previous case, the existence of a path P’ from s to vy, that
matches r; with V(P’) € Ps'kal and V(P") N V(Q) = 0. Let P’ = (vy, aj,v;) - (012171, a;q, vk, ). If P’
is disjoint from R, the path

P’ =P - (Ui, Gky+1, V1) - R+ (Vn—i—1, Gnie, Un—i) - Q

is a simple path matching r;T*r,, and we are done.

We show that P’ must be disjoint from R. Towards a contradiction, assume that there is an
i€{1,...,k; — 1}** such that v = v; € V(R). We choose i minimal and build a new simple path
p’ = (v, a},v]) - (v]_;,a},0) (v}, aj11,Vj+2) - - - (Vn-1, @n, Up). This path matches A; - - AT TRy,
But since r T* is 0-bordered, we have T C A; for all 1 < i < ky, so the new path matches r1T"r,.
Finally, we note that p’ does not contain the edge (vk,, ak,+1, Uk,+1), so p’ is shorter than p, which
contradicts the assumption that p was a shortest path from s to ¢ that matches r;T*r,. So P’ must

be disjoint from R. O

Notice that we allow T = 0 in Lemma 4.12. Since L(0*) = {¢}, this means that the lemma also
deals with the case where the expression is just A; - - - Ay,. From the proof of Lemma 4.12 we can
also infer the following corollary, which states that shortest matching paths can also be found with
this method. It will be useful in Section 8.2.2 when considering enumeration problems.

COROLLARY 4.13. Let riT* be a 0-bordered expression with r; = A;--- A, and let L(ry) be an
arbitrary finite language with words up to length k,. We define k = ki + k. Then, G = (V,E)
has a simple path from s to t that matches riT*r, if and only if there exists a node v € V and
X e f’srfv Qfe}“,l Pg'.,, such that G has a shortest simple path from s tot that matches riT*r and with
the first k1 + 1 nodes belonging to X.

The following lemma states that Algorithm 1 is correct and runs in fixed parameter tractable
time.

12The path Q does not necessarily match T¥1 r,, since r, might contain words shorter than ky.
13Since P and R are disjoint, we have vy, v, € V(R).
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ALGORITHM 2: Algorithm for 0-bordered STEs
Input: Graph G = (V, E), nodes s, t in G, and 0-bordered regular expression r = Ay - -+ Ay, T*A;cz S Al

1
Output: Does there exist a simple path from s to t matching r?

for allv € V do
Compute lssr’lv Qfé;kzﬂ Pgl,in G withry = Ay -+ A,
for all sets X € ﬁsr’lv do
V' — (V\X)U {v}
E' —«ENn(V'xZxV’)
for allu € V' do
Compute P2, & P2, in (V/, E') with r = A} --- A].
for all sets X' € P;Zt do
V" — (V' \X") U {u}
E" —E'n(V”"XTxV") > (V’,E”) has only T-edges
if there exists a path fromv tou in (V'/,E"") then
L return YES

return NO

LEMMA 4.14. PSimPathExistence(R) is in FPT for the class R of 0-bordered STEs of the form r =
Ay -+ ArT*. More precisely, it is in time 200rD |||V 2.

Proor. The problem can be solved using Algorithm 1. Its correctness follows directly from
Lemma 4.12 with r, = ¢. Using Lemma 4.10, we now show that the algorithm is indeed an FPT
algorithm.

We obtain from Lemma 4.10 that line 2 of Algorithm 1 takes O (8k+"(k>|E| log [V + |r||E|) time

for each v € V. Since we need to consider at most |V] - (2(15:11)) . 20(2(k+1)) sets X in line 3, the number

of such sets we need to consider throughout the entire algorithm is at most O(|V |45+°))_ Finally,
line 6 can be checked by a reachability test (say, depth-first search) in time O(|V| + |E|), so the
overall running time is bounded by

O (IV1- (8 01E] log V] + [7I[E]) + 40 - (VI + |E[IVI))
which is clearly in FPT for the parameter k. O
We now extend the algorithm to 0-bordered STEs of the form A; - - - A, T*A] ---Al. Since STEs
allow bounded expressions on both sides, we need to do more than simply apply Algorithm 1.

Instead, we will use a nesting thereof, which we present in Algorithm 2. The next Lemma shows
the correctness and running time of Algorithm 2.

LEMMA 4.15. Let R be the class of 0-bordered STEs of the formr = A; - - - Ay, T*A;C2 --+Al. Then
PSimPathExistence(R) is in FPT. More precisely, it is solvable in time 20070 V)3 |E].
Proor. We prove that Algorithm 2 solves the problem in the required time. Recall that
Pg ., :={V(p) | there is a simple path p from s to v in G that matches r} .

We first show correctness. Let k = ky +k,. Obviously, k < |r|. Using Lemma 4.12 withr; = A; - - - Ay,
and r, = A;Cz .-+ Al, it suffices to consider paths in which the first k; + 1 nodes belong to a set

X e psrlv Qfe;;l P!, for some v € V. Then we need to find the rest of the path, that is, a simple path
from v to t that matches T"A;(2 --- A7 and that does not use nodes in X \ {v}.
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We can apply Lemma 4.12 on the graph obtained from (V’, E’) by reversing all edges and using
the expression A7 - - 'A;QT* ¢. Hence, if such a path exists in (V’, E), then there exists a node u such

that its last k; + 1 nodes belong to a set X’ € ﬁ;ft chett P, Tt then remains to test if there is a
path from v to u that matches T* and avoids the nodes in (X U X”) \ {u, v}, which is done in line
11. This concludes the correctness proof.

We next show that the algorithm is indeed in FPT. Lemma 4.10 allows us to compute, after the
preprocessing phase which takes O(|r||E|) time, psrjv on line 2 in time O(8¥*°®)|E|log|V|) and
Zk}c-:-fgl+2

O(8%*°0)|E| log |V|) and such that its size is at most (21522:12) . 20(k2),

This means that we need to consider O(|V| - 4*°K)) many sets in line 3. Computing 15,:2 , takes
time O (8k+1+°(k+1)|E| log |V|) for each u € V, so we have O(|V|* - gkrolk) . ghk+olk)|E| Jog |V|) time
for this part and need to consider at most O(|V|? - 4k+0(k) . 4k+0(k)y many sets in line 8. Finally, the
reachability test in line 11 is in O(]V| + |E|), so in sum we obtain a running time of

such that its size is at most ( ) - 20ki+ka) Similarly, we can compute plzzt on line 7 in time

O(IFIIEL+ V2 - 44+ - (8520 | log [V] + 4+0) (V] + |E]) ).
[m}

The previous Lemma showed how to deal with 0-bordered STEs of the form A; - - - Ay, T*A;C2 <Al
The next Lemma generalizes this to all 0-bordered STEs.

LEMMA 4.16. Let R be the class of 0-bordered STEs. Then PSimPathExistence(R) is in FPT. More
precisely, it is solvable in time 200D . |V]3|E|.

Proor. We prove the lemma by case distinction on the form of r. Recall that
r = BpreT* Buut.

We differentiate between the forms of By and Bgug. There are two possible forms, that is (1)
By?---Bg? with £ > 0 or (2) B; - - - B, with £ > 1. If B, and Bgygr are of form (1), the language of r
is downward closed. Therefore the entire problem reduces to a reachability problem on a product
between G and an NFA for r. According to Lemma 4.1, this problem can be solved in time O(|G||r|),
since it is possible to compute an NFA of size |r| for each STE r.

If Byre and Bgygr are both of form (2), the result follows from Lemma 4.15, which internally uses
Algorithm 2, in time 2°U7D . |V|*|E|. We now explain how Algorithm 2 can be changed to work
if Bpyre is of form (2) and Bg,g of form (1). Assume we have r = A --- A T*A;CZ? --+Al?. Then
we replace everything from line 6 to line 12 with a test for a simple path from v to ¢ matching
the downward closed language T*A;Cz? ---A1?. The correctness is again by Lemma 4.12. For the
running time we observe that testing if there is a simple path matching T*A;CZ? .-+ A]? is in time
O(|Gl|r]) by Lemma 4.1, since the language is downward closed. The running time in this case is
therefore

O (IPlIE+IV] - (871" || Tog V] + 4+ . Gyir) )

The case r = A;?-- ~Akl?T*A;<2 --+ Al is symmetric. To see this, notice that it is equivalent to
deciding if there is a simple path from ¢ to s that matches the reverse of expression r in the graph
G with all edges reversed. O

4.4 Main Upper Bound for Simple Paths

LEmMA 4.17. Let c € N be a constant and let R be the class of STEs with cut border at most c. Then
SimPathExistence(R) is in FPT. More precisely, it is in time 200D . |V|°*3|E|.
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Proor. Let r € R and let ¢; and c; be the left and right cut border of r, respectively. Hence,
r=Ap...Aqr'A, - Al (If ¢; = 0, then the respective part of r is simply missing.) We can
compute, for all u,v € V, all paths p; from s to u matching A, - - - A, and all paths p, from v to ¢
matching A/, --- A7 in time O(|V|¢)."* We then do a loop over all pairs (pi, pz) of such paths that
are node-disjoint. For the remainder of the proof, fix such a pair (p;, p2). We delete in G all nodes in
(V(p1) \ {u}) U (V(p2) \ {v}). In the remaining graph, we search a path from u to v that matches
the rest of the regular expression. The rest r’ can have one of the following forms.

or' =Ac - 'Ale*A;CZ S Al

cp+1°

’ _ .« e * ’ . /
o = AR AITAL AL
o 1= Agur - A TOA 2+ A72, or
o 1= A2 A PTUAL - A,

These are the only possibilities and each of them is 0-bordered. Thus, we can use Lemma 4.16,
which allows us to solve PSimPathExistence(r’) in time 2°U"'D . |V|3|E|. Since |r’| < |r|, this shows
that PSimPathExistence(R) is in FPT. So we need 2°U"'D . |V|3|E| time for each set of nodes of size
¢1 + ¢3, and therefore have an overall time of 200D . |V |¢3|E|. O

5 MAIN LOWER BOUND: PARAMETERIZED TWO DISJOINT PATHS

We prove our main lower bound by considering variants of the TwoDisjointPaths problem [26].
A two-colored graph is a directed graph in which every edge is labeled a or b. We consider the
following parameterized problems:

e PTwoDisjointPaths: Given a graph G, nodes sy, t1, Sz, t2, and parameter k € N, are there simple
paths p; from s; to t; and p, from s, to t; such that p; and p;, are node-disjoint and p; has
length k?

e PTwoColorDisjointPaths: Given a two-colored graph G, nodes s, t4, Sp, tp, and parameter
k € N, is there a simple a-path p, from s, to t, and a simple b-path p;, from s;, to t; such that
pq and pp, are node-disjoint and p, has length k?

It is well-known that TwoDisjointPaths, the non-parameterized version of PTwoDisjointPaths, is
NP-complete [26].

We will prove that both PTwoColorDisjointPaths and PTwoDisjointPaths are W[1]-hard. The
latter result is stronger, but we start by proving W[1]-hardness for PTwoColorDisjointPaths, because
it makes the proof for PTwoDisjointPaths, which relies on it, easier to understand.

5.1 Two Colored Disjoint Paths

In this section, we prove the following theorem.
THEOREM 5.1. PTwoColorDisjointPaths is W[1]-hard.

To prove the theorem, we use an adaptation of a proof of Slivkins [49, Theorem 2.1], who
proved that k-Edge-Disjoint-Paths with parameter k is W[1]-hard in directed acyclic graphs (DAG).
Furthermore, we use the idea of control nodes by Grohe and Griiber [28, Lemma 16], who showed
that Slivkins’ construction can be extended to show that k-Disjoint-Cycles is W([1]-hard.

ConstrucTION 1. (Construction of G, and k¢o1.) Given an input instance (G, k) of k-clique,
we construct a graph G|, nodes sg, t,, Sp, tp, and parameter ko) such that (G, k) € k-clique if and
only if (Geol, Sa» ta» Sb» tys keol) € PTwoColorDisjointPaths. Let n be the number of nodes of G. The

4For the purpose of the proof, it suffices to compute the paths without the edge labels here. For deciding whether there
exists a simple path, it suffices to know that there exist node-disjoint simple paths matching A; - - - A¢, and A, - - - A] and
which nodes they use. We dropped the exact labels to have O(|V |€) complexity.
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Fig. 5. The b-edges in row i. The internal structure of the G; j is as in Figure 4.

graph G| contains kn gadgets G; j withi =1,...,kand j =1,...,n, each consisting of 2(k + 1)
nodes. Gadgets will be ordered in k rows, where row i has the gadgets G; 1, . . ., Gi . Furthermore,
Geol contains k + 1 additional nodes ry, . . ., ri4q that link the rows together, and k + 1 + k(k — 1)/2
control nodes c1, . . . c41 and c;, ;, with 1 < iy < ip < k that will limit the number of disjoint paths
from row i — 1 to row i or from row i; to iy, respectively. (The edge cases, ¢; and ck41, do not link
rows together but just serve as start and end node, respectively.) We define s, = ¢y, t; = ck+1,
sp = 11, and fp = rg41. We will now explain how the nodes are connected in G.,. We will denote by
u < v that there is an a-edge from u to v (similar for b-edges). Each gadget G; ; contains a disjoint
copy of 2(k + 1) nodes which we call uy, uy, . .., ux+1 and vy, vy, . . ., V41 To simplify notation,
we sometimes give these nodes the same name (e.g., in Figures 5, 6, and 7), even though they are
different. One such gadget is depicted in Figure 4. To avoid ambiguity, we may also refer to node

ue in gadget G; j by G; j[uc]. Each gadget contains edges u, 5o, (forevery ¢ =1,...,k+1)and
b b
up — ueyr and vy — vpyq (forevery £ =1,...,k).
We now explain how the gadgets G; ; are connected within the same row, see Figure 5. In each
b b
row i € {1,...,k}, node r; has two outgoing edges r; — G 1[u1] and r; — G; 2[v;1]. We also have
b b
two incoming edges for r;41, namely G; ,—1[uk+1] = ri+1 and G; ,[vg41] — riz1. Furthermore, we
b b
have the edges G; j[uk+1] — Gi j+1lur] and G; j[vg41] = Gijer[vi] forevery j=1,...,n—1. We
b
also add edges G; j[uk+1] — Gi j+2[v1] for every j = 1,...,n— 2. The latter edges ensure that every
b-labeled path from r; to r;1 “skips” exactly one gadget G; ; for some j = 1,...,n.

We now explain how the gadgets G; ; are connected in different rows via the control nodes ¢; and
ci,.i, (Figure 6). We first consider the edges fromrow i toi+1.Ineachrowi =1,...,k—1,and every

j=1,...,n, we add the edges G; j[vi+1] 4 civ1 and cjiq 4 Git1,jluis2]. Furthermore, we add the
edges c; 5 Gy, jluz] and Gy j[vk41] A Ck+1- We connect two rows iy, iz, with 1 < iy < ip < k, by
adding the edges G, j[v;,] 5 Ci.ip> and ¢;, 4, 5 Gi,jlug ] forallj=1,...,n

The edges of the original graph G are modeled in G, by adding the edge G, «[v;, ] 4 Gi,, ylui,41]
ifand only if 1 < i; < i, <k, x # y, and (x, y) € E. This is illustrated in Figure 7.

Finally, we define ke = k(k — 1)/2 -5 + 3k. O
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Git1,1 Git1,2 Gis1,3

> >

1] ]

-

Fig. 7. The a-edges in the gadgets and between gadgets G; 4, Gi;,z and G, x, with i1 < iz — 1, under the
assumption that (x,y) € E and (x,z) ¢ E.

We denote by G2 | the subgraph of G| from Construction 1 that contains only the a-edges. We

now prove a lemma that summarizes useful properties of G .

LEmMMA 5.2. The graph G¢ | has the following properties:

(a) G2, is a DAG. Moreover, there is a strict total order <. on all control nodes C such that, for every
path from a node v € C to another node v’ € C where no intermediate vertex is in C, node v’ is
the successor of v in <.. The smallest and largest nodes in <. are c; to ck41, respectively.

(b) Each path in Gfol from ¢y to cyyq visits all control nodes, i.e., it contains all ¢; and c;, ;,, with
ie{l,....,k+1} and1 < iy < iy < k. Furthermore, it visits the control nodes in the order <..

(c) Each path in G | has length at most kco1. Its length is exactly keop if and only if it is from c; to ck41.

(d) Each path in G¢, of length keor has at least one edge ug S oopin every row of G& .

Proor. First observe that GZ | contains a fixed part that depends only on n and k, plus a set
of edges that represent edges in G, i.e., edges that are present in G, if and only if there exists a
corresponding edge in G. Therefore, every possible graph G, that the reduction produces is a
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subgraph of the case where G is a complete graph (i.e., if G has n nodes, it is the n-clique). Let
Gique denote the graph G2 in the case where G is the n-clique.

que co

We first prove part (a). We show that, if GC“lique has a cycle, then this cycle must contain a control

node. Indeed, within the same row, the graph G¢

clique
gadgets. So, there cannot be a cycle that only contains nodes from a single row. Therefore, the cycle

must contain a path from some node in a row i; to a node in row iy, for i; < iy. Since every path in

thque from row i to i, with i; < i, contains at least one control node by construction, we have

that every cycle in G, = must contain a control node. It therefore remains to show that G,
clique clique

contains no cycle that uses a control node. To this end, observe that the relation < where n; < n, if
and only if n; # ny and n;, is reachable from n is a strict total order

only has the edges from u; to v; in all the

€1 <C12<C€3<...<CLk<C<C23<...<Ckopk <Chko1k <Ck < Cks1 (1)

on the control nodes C. That is, the order is such that control nodes are reachable in Gghque from

all “smaller” control nodes and none of the “larger” control nodes. Notice that < satisfies the
requirements for <.. Part (b) follows from (a). By (a), the smallest and largest nodes in <, are ¢; and
Ck+1, Yespectively. Assume that p is a path from c; to cx4;. Again by (a), p must visit every control
node, in the order <..

We now prove part (c). First we prove that, between two consecutive!® control nodes in Gghque,
each path has a fixed length that depends only on the kind of control nodes. Then, since G

a
clique

DAG by part (a), we can simply concatenate paths to obtain the length of paths from ¢; to c41,
showing (c). In this proof, when we consider a path that visits nodes in row i in G%. | then by

isa

clique
construction of G, ., the length of this path is independent of the gadget G; ; that the path visits.
clique 5
That is, the path’s length is the same for every j = 1, ..., n. To simplify notation, we therefore omit

the j in G; j[u] and write G;[u] instead.
We first consider the length of paths between consecutive control nodes in the ordering ().
Therefore, fix two such consecutive control nodes n; and n,. We make a case distinction:

e n; = ¢; and ny = ¢; ;+1: Each path from ¢; to ¢; ;41 is of the form ¢;G;[u;11]Gi[vi+1]ci, i+1 and
therefore has length 3.

e ny =¢;j and ny = ¢; j+1: Each path from¢; j to ¢; j.q with 1 < i < j < k—11is of the form ¢; ;
GjluilGj[vilGiluj+1]1Gi[vjs1]ci, j+1 and therefore has length 5.

e ny = ¢ and ny = c;41: Each path from ¢; ¢ to ¢4 is of the form c; Gy [u;1Gi[v:]Gi[ug+1]
Gi[vk+1]ci+1 and therefore has length 5.

e n; = ¢, and ny = ck4;: Each path from ck to ¢4 is of the form ¢ Gy [ug+1|Gi[Vk+1]ck+1 and
therefore has length 3.

Since < is a strict total order, this means that each path from c¢; to ¢4 in thque has the same

length. We show that this length is exactly k(k — 1)/2 - 5 + 3k = k1. The paths ¢; to c; i1
(i=1,...,k—1)and cg to ck4+; sum up to length 3k. For a fixed i we have 5 - (k — i — 1) paths from
¢i,i+1 to ¢; k., which sum up to length 5(k(k — 1)/2) — 5k + 5for i = 1, ...,k — 2. Finally, we need
to consider the paths from c;  to ¢+, which, fori = 1,...,k — 1, sum up to length 5k — 5. This
shows that each path thque from c; to ck41 has length exactly ko

Since GC“lique is a DAG and every node in GC“lique is reachable from ¢y, and ¢4 is reachable from

a
clique’

a

. are from ¢; to
clique

all nodes and does not have outgoing edges in G the longest paths in G

Ck+1- This shows (c).

15Control nodes x and y such that x <. y and there are no other control nodes in between.
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Due to (b) and (c) each path of length k. in thque contains ¢; fori = 1,...,k + 1. Since each

path from c; to the next control node contains (G j[ui+1], Gi j[vi+1]), foraj € {1,...,n} we also
have (d). O

We are now ready to prove Theorem 5.1.

Proor oF THEOREM 5.1. We prove that (G, k) € k-Clique if and only if (Geol, Sa, tas Sbs Ly keol) €
PTwoColorDisjointPaths. Let us first assume that the undirected graph G has a k-clique with nodes
{n1,...,nk}. Then an a-path can go from c; to ci1 using only the gadgets G; ,, withi=1,... k.
The reason is that, since (n;,,n;,) € E, the edges Gj, n, vy, ] 5 Giy,ny, [Uip+1] exist for all iy < ij.
Due to Lemma 5.2(c), this path has exactly k., edges. The b-path, on the other hand, can go
from r; to rx4q and skip exactly G; ,, for alli = 1,...,k (using the diagonal edges in Figure 5).
Since it skips these G; ,,, it is node-disjoint from the a-path and therefore we have a solution for
PTwoColorDisjointPaths.

For the other direction let us assume that there exists a simple a-path p, from c¢; to cx;; and a
simple b-path p;, from r; to ri4 in Geop such that p, and p;, are node-disjoint and p, has length k).
We show that G has a k-clique. Since every b-path from r; to rr,; goes through each row, that is,
from r; to riyq forall i = 1,.. ., k, this is also the case for p;,. By construction, p, must also skip
exactly one gadget in each row, using the diagonal edges in Figure 5. Indeed, this is the only way to
move from r; to r;;1 using only b-edges. Furthermore, for each gadget G; ; that p;, visits, it must be
the case that it either visits all nodes uy, . . ., ur; or all nodes vy, . . ., vgyq. (This is immediate from
Figure 4, showing all internal edges of a gadget.) Therefore, since p, and p; are node-disjoint, the
path p, cannot visit any gadget G; ; already visited by p;. Therefore, p,, which goes from c¢; to cx41,
can only do so through the k skipped gadgets, call them G; ,, fori = 1,..., k. Recall that the edges
Gip,n, [v,] 4 Giyny, [4i,+1] with iy < i, only exist if (n;,, n;,) € E. As these edges are necessary for
the existence of the a-path from ¢; to ¢ that uses only the skipped gadgets, all nodes n; must be
pairwise adjacent in G. That is, they form a clique of size k in G. O

5.2 Two Disjoint Paths

The two colors in the proof of Theorem 5.1 play a central role: since the a-path cannot use any
b-edges and vice versa, we have much control over where the two paths can be. We now show that
the construction in Theorem 5.1 can be strengthened so that we do not need the two colors. To this
end, we replace the b-edges by long paths to ensure that all paths from s, to t, that have length at
most kco] cannot use b-edges.

CoNSTRUCTION 2. We construct the graph Gpoede from G.o1 by replacing each b-edge with a
b-path of length kco1. (Even though PTwoDisjointPaths does not care about a-edges or b-edges,
we keep them to simplify the reasoning in the remainder of the proof.) We define s; = s4, t1 = ¢4,
Sy = sp, and t; = t5. (Notice that G, has O(k?n) nodes while Gpoge Will have O(k?n - ko)) nodes.) O

LEMMA 5.3. In G4, wWe have that

(a) every path from s tot; has length at least k.o and
(b) every path from s; tot; has length exactly k., if and only if it is an a-path.
(c) Furthermore, all properties of graph G¢ | from Lemma 5.2 also hold for G , .

Proor. For part (a) we have two cases. If a path from s; to #; is an a-path, the result is immediate
from Lemma 5.2(c). If it uses at least one b-edge, then it uses at least k.o b-edges by construction.
Thus, the path will have length at least ko).

For part (b), if a path from s; to t; has length exactly ko, it uses at least one a-edge since t; only
has incoming a-edges. If it used at least one b-edge, it would therefore use at least k.o + 1 edges
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which contradicts that the length is k0. The converse direction is immediate from Lemma 5.2(c).

The last point is obvious since G%, and G? . are the same. O
col node

LEMMA 5.4. If (Guode» S15 t1, S2, t2, keot) € PTwoDisjointPaths, then each solution py, p, is such that
p1 is an a-labeled path and p, a b-labeled path.

Proor. It follows from Lemma 5.3 that p; can only use a-edges. We now show that the path p,
from s; to t, can only use b-edges, that is, we show that it cannot use a-edges. There are three
types of a-edges in Gpogde: (i) the ones from and to control nodes, (ii) “upward” edges that connect
row iz to row i; with i; < iz, and (iii) edges from u, to v, in one gadget.

Notice that, by construction, p, must visit nodes in row 1 and later also nodes in row k. To do so,
p2 cannot use edges from or to control nodes (type (1)), since, due to Lemma 5.2(b), p; already visits
all control nodes. So p; cannot go from row i to a row j with i < j via a-edges. This means that, if
i < j, then p, can only go from row i to row j through r;;; (and through nodes in row i + 1), since
every remaining path from row i to a larger row goes through 7;4. So, in order to go from row 1 to
row k, path p, needs to visit all nodes ry, . . ., r, in that order. This means that it is also impossible
for p, to use edges of type (ii). Indeed, if p, used an edge from row j to row i with j > i, then it
would need to visit r;;; a second time to arrive back in row j. Finally, if p, used an edge of type (iii)
in row i, then, by construction, it would have to visit every gadget in this row. But since p; already
uses at least one edge from u, to v, in each row, see Lemma 5.2(d), this means that p, cannot be
node-disjoint with p;. This completes the proof. O

THEOREM 5.5. PTwoDisjointPaths is W[1]-hard.

Proor. We reduce from PTwoColorDisjointPaths, which is W[1]-hard due to Theorem 5.1.

We show that (Geol, S, tas Sbs tps kecol) € PTwoColorDisjointPaths if and only if (Gpodes S1, 15 S25
ta, keol) € PTwoDisjointPaths. If (Geol, Sa, ta» Sp» th, keol) € PTwoColorDisjointPaths, then we can
use the corresponding paths in Gyo4e (Where we follow the longer b-paths in Gpoge instead of the
b-edges in G.,)).

Conversely, if (Gpode, S1» t1, S2, 12, kcol) € PTwoDisjointPaths, it follows from Lemma 5.4 that
the paths p; and p, correspond to paths p, and p,, that are solutions for (Geol, Sas ta, Sb» tb» Keol) €
PTwoColorDisjointPaths. O

5.3 Main Lower Bound for Simple Paths

We are now ready to proof the hardness side of Theorem 3.5, i.e., Theorem 3.5(b).

LEMMA 5.6. Let R be a class of STEs that can be sampled. If R is not cuttable, then the problem
PSimPathExistence(R) is W[1]-hard.

Proor. Let R be an arbitrary but fixed class of STEs that is not cuttable and that can be sampled.
We show that PSimPathExistence(R) is W[1]-hard by giving an FPT reduction from PTwoDisjoint-
Paths restricted to instances of the form (Gpode, $1, £1, S2, 2, keo1) from Construction 2. The problem
PTwoDisjointPaths is W[1]-hard due to Theorem 5.5.

Consider an input (Gpodes S1, t1, S2, t2, kcol) of PTwoDisjointPaths. We will construct an input
(Glab, s, t, r) for PSimPathExistence(R) such that (Gpode, S1, t1, S2, t2, keol) € PTwoDisjointPaths if
and only if (Gjap, s, £, r) € PSimPathExistence(R).

Since R is not cuttable and can be sampled, a k’-bordered expression r € R for some k" > 2k +1
can be computed within time f(kco]), for some computable function f. Since r can be computed in
time f(kcol), we know that |r| < f(kco1). Let kiap be the maximum of the left and right cut border of
r. Since k’ is the sum of the left and right cut borders, k., > ko] + 1. Here we only consider the
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case that the left cut border is kjap, i.e., T € Ay, , the other case is symmetric. We therefore know
that r is of the form

r=A; A “Aklab“'Ale*A;Q“'A,l or r=A;---Ax ..Aklab...Ale*A;cz?...A’l?.

col col

We now construct (Gpap, S, t). Fix three words wy, ws, and w3 such that
o wy € L(A; -+ Agy)
® Wy € L(Ag,+1 " Ak, - Ak, ), and
o w; € L(A} - Ap)IS
Notice that such words indeed exist. For the construction of Gy,p,, we start with the graph Gyoqe.

The main idea is to have at most one edge with a label in Ay, that is reachable from s by a path of
length ki, — 1. More formally, fix an x € (T \ Ay, ), which must exist due to choice of kiap.

e We replace each b-edge in Gyo4e With an x-path of length ki, (using kj,p — 1 new nodes for
each replacement). We need to do this, because ky,p, is potentially much larger than k).

e We change the labels of the a-edges in Gpode such that each path from s; to t; is labeled w;.
Notice that the label for each such edge is well-defined. Indeed, by Lemma 5.2(c) we have that
each a-path from s; to #; has length exactly k.. If there were an edge e on an a-path from s;
to t; that is reachable from s; through n; edges and also through n, edges, with n; # n,, then,
since t; is reachable from e, it means that there would be paths of different lengths from s; to
f.

e We add a path labeled w; from t; to s;. We refer to this path as the w,-labeled path in the
remainder of the proof.

e We add a path labeled w; from ¢, to a new node ¢, to which we will refer as the ws-labeled
path in the remainder of the proof.

The resulting tuple (Giap, 1, t, 7) serves as input for PSimPathExistence(R). This concludes the
reduction.

We now show that the reduction is correct. Therefore, we show that (Gpode, S1, t1, S2, t2, keol) €
PTwoDisjointPaths if and only if (Gyap, 1, £, r) € PSimPathExistence(R). If (Gpodes S1 15 S25 L2, Kcol)
€ PTwoDisjointPaths with solution p; and p,, then there exists a (unique) simple path from s; to ¢
in Gyyp, that contains the nodes V(p;) U V(p2) and matches r.

Conversely, if (Giap, 51, t, ) € PSimPathExistence(R), then there exists a simple path p from s;
to ¢ in Gjyp that matches r. We will now prove the following:

(i) Consider the graph G, , obtained from Gpode by deleting all b-edges and nodes that have
no adjacent a-edges. The nodes of p[0, k01| form a simple path from s, to ¢; in GZode'
(ii) The path p[0, k1] ends in s, and is labeled wyws.
(iii) The path p is labeled wywow’ws with w’ € L(T"). Its suffix of length |wjs]| starts in ¢, and ends
in t.
(iv) The subpath of p from s; to t; is an x-path.
We prove (i). By definition of r, the edge p[kiap, — 1, kiap] is labeled by some symbol in Ay, . Therefore,
this symbol cannot be x. By construction of Gy, this edge is either an edge that was labeled a in
Ghrode, an edge on the wp-labeled path, or an edge on the ws-labeled path (since all other edges are
labeled x).
The ws-labeled path is not reachable from s; with a path of length smaller than ki,p, so this
cannot be the case. Furthermore, the w;-labeled path starts in #; and is therefore only reachable
with a path of length at least k¢o; (see Lemma 5.3), so we can also exclude that. Therefore, the first

ke + 1 nodes must form an a-path in Gpode. From Lemma 5.2(c), we know that each pathin G2,

16We use w3 € L(A’k2 -+ +A}) in case that r ends with A’k2 -+ - A} but also if it ends with A’kz? S AL
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of length k., goes from s; to #; which implies (i). Since all nodes (except s;) that belong to the
wy-labeled path of length k; — k.o have only one outgoing edge, we have that p[0, k1] ends in s,
and must match w;wy. This shows (ii).

Since p matches r = A;--- Ay, T*A;CZ rAlorr = Ap--- A T*A;CZ? ---A1?, and since each
word in A; - - - Ag, has length ki, it follows that lab(p) = wyw,w’ with w” € L(T"A;{2 AU
L(T*A; 2+ A}?).

By construction of Gjap, the ws-labeled path is the unique path of length |ws| leading to t.
Therefore, each path from s; to ¢ in G, must end with the ws-labeled path which is from ¢, to
t. Since w; € L(A;(2 --- A7) and |ws] is the length of every word in L(A;(2 ---A}), we have that
lab(p) = wywoaw’ws where w’ € L(T"). So we have (iii). Let p’ be the part of p labeled w’. It follows
from (ii) and (iii) that p’ is a path from s, to t,. Since it must be node-disjoint from p[0, kco1], which

is entirely in Gfi_,, it follows from Lemma 5.4 that p’ cannot use edges that correspond to ones in
a
node”
Therefore, p’ consists only of edges labeled x. This shows that Gpode and keol are in PTwo-

DisjointPaths, because p[0, ko1] corresponds to a path p; and p’ to p,, which are solutions to
PTwoDisjointPaths.

Finally, we note that the construction can indeed be done in FPT since the expression r € R can
be determined in time f(k.o1) for a computable function f, and all changes we made to the graph
are in time h(kco)) - |Gnode|, for a computable function h, which is FPT. Indeed, we only relabeled
all edges, replaced each edge at most once with ki, new edges and added other paths of length at
most |r|. Since |r| < f(keo1), we indeed have an FPT reduction. )

6 CONNECTION BETWEEN SIMPLE PATHS AND TRAILS

LaPaugh and Rivest [33, Lemma 1 and Lemma 2] and Perl and Shiloach [46, Theorem 2.1 and
Theorem 2.2] showed that there is a strong correspondence between trail and simple path problems
that we will use extensively and therefore revisit here. Since the statements of the results do not
precisely capture what we need, we have to be a bit more precise.

The Split Graph. The following construction is from LaPaugh and Rivest [33, Proof of Lemma 1].
Let (G, s1, t1, - - - » Sk, tr) be a graph G together with nodes sy, t1, . . ., sk, tx. We define split(G, sy, t1,
..., Sk, ti) as the tuple (G, s], 1, .. ., sl’c, tl’c) obtained as follows. The graph G’ is obtained from G
by replacing each node v by two nodes v'® and v°"t. A directed edge is added from o' to v°". All
incoming edges of v become incoming edges of v'" and all outgoing edges of v become outgoing
edges of v°%. For every s; and t;, we define s; = s%n andt] = tlf’“t. Forapathp = (ug, uz) - - - (Un—1, Un)
in G, denote by split(p) the path

(uiln’ utfut)(u?ut’ uizn . (u;)llitl’ ulr:l)(ulr:l’ uzut).

The following Lemma is immediate from LaPaugh and Rivest’s construction.

LEMMA 6.1. Let (G',s{,t],..., s,’(, t/’c) = split(G, s1, 1, . . ., Sk, tx ). Then the following hold:

(1) For everyi = 1,...,n, the pathp = (si,u1)-- - (un, t;) is a simple path froms; to t; in G if and
only if split(p) is a trail in G'.

(2) Foreveryi=1,...,n, the number of simple paths froms; tot; in G equals the number of trails
froms] tot] inG’.

(3) There exist pairwise node disjoint simple paths of length k; froms; tot; in G foreveryi=1,...,k
if and only if there exist pairwise edge disjoint trails of length 2k; + 1 from s tot] in G’ for every
i=1,....k
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The Line Graph. We denote by line(G, s, t1, . . . , Sk, tx) a variation on the line graph of G [33,
Proof of Lemma 2]. The line graph construction was used by LaPaugh and Rivest to reduce the edge
disjoint subgraph homeomorphism problem to the node disjoint subgraph homeomorphism problem.
More precisely, we denote by line(G, s, t1, . . ., Sk, tx) the tuple (G, s1,t1, . . ., Sk, tx) obtained as
follows. Let G = (V, E). The nodes of G” are {v(y,,u,) | (u1,u2) € E} U {s1,t1,..., Sk, tx}. The edges
of G’ are the disjoint union of

b {(v(ul,uz)sv(ug,m)) | (ul,UZ) and (u2vu3) € E}’
o {(si,vs,w) | i=1,...,kand (s;,u) € E}, and
o {(vw,),ti) |i=1,...,kand (u,t;) € E}.

LEMMA 6.2. Let (G',s1,t1,. .., Sk, tx) = line(G, sy, t1, . . ., Sk, tx ). Then the following hold:

(1) For every i = 1,...,n, the path (s;,uy)--- (un, t;) is a trail from s; to t; in G if and only if
(85 Vst un) (s, u)s V) O 1, un)s O, 1)) (Va5 1) 15 @ simple path in G'.

(2) Foreveryi = 1,...,n, the number of trails from s; tot; in G equals the number of simple paths
froms; tot; inG’.

(3) There exist pairwise edge-disjoint trails of length k; froms; tot; in G foreveryi =1,...,k ifand
only if there exist pairwise node-disjoint simple paths of length k; + 1 from s; tot; in G’ for every
i=1,...,k

Proor. Properties (1) and (2) are immediate from the construction. Property (3) follows from (1):
if we have edge-disjoint trails, then the same simple paths as obtained in (1) are node-disjoint and
the other way around. If they were not node-disjoint, at least two would share a node, say, v(y,,u,)
in G’, but they only contain this node both if the corresponding trails in G have the edge (uy, u),
so the trails in G wouldn’t be edge-disjoint. O

Adding Edge Labels. If we additionally consider edge labels and RPQs, the correspondence
between simple paths and trails is a bit more complex. We prove here that upper bounds transfer
from simple path problems to trail problems. This would be a version of Lemma 6.2 for labeled
graphs.

Notice that strengthening Lemma 6.1 for labeled graphs without changing the language of the
RPQ is impossible if FPT # W[1]. To see this, we note that the expression a*b* is conflict-free, but
not cuttable. This implies that PTrailExistence(a*b*) is in FPT while PSimPathExistence(afb*) is
W/(1]-hard (see Theorem 3.5 and Theorem 3.7). Since a strengthened version of Lemma 6.1 would
imply that PSimPathExistence(a*b*) is at most as hard as PTrailExistence(a*b*), such a lemma can
only exist when FPT = W([1].

LEMMA 6.3. Letr be an RPQ, let o be an arbitrary symbol in %, let G be a graph with labels in %,
and s, t nodes in G. Then there exist a graph H and nodes s’,t" such that there exists a trail from s
tot in G that matches r if and only if there exists a simple path from s’ tot’ in H that matches the
RPQ o - r. Furthermore, H, s’, and t' can be computed using logarithmic space and H = (Vy, Ex) with
Vil = O(|E|) and |En| = O(IEJ?).

Proor. Given G, s, and t, we will construct a graph H and nodes s’ and ¢’ such that there exists
a simple path from s’ to ¢’ in H matching the RPQ o - r if and only if there exists a trail from
s to t matching r in G. In fact, (H,s’,t’) = line(G, s, t) with labels. More precisely, let o € X be
fixed. Let H = (Vy,Eg) with Vg = {v. | e € E} U {s,t'} and Ex = {(V(wy, a1,u)» 315 Vusy, a, u5)) |
(s, a1, 2, (3, @z, u3) € E} U{(5,0,0(s,0) | (5.0) € E} U{(Var@t) | (wa,1) € E}. An
example of this reduction can be seen in Figure 8. From this construction, it immediately follows
that [Vy| = O(IE|) and [Ex| = O(|E[?).
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Fig. 8. Example of a part of the reduction in Lemma 6.3. There exists a trail from s to t matching r in the
left graph G if and only if there exists a simple path from s’ to ¢’ matching o - r in the right graph H. So we
effectively have to find a simple path that matches r in the right graph (H) from s = v 4 2) to ¢’ or from
S5 = U(s,e,3) to t'.

We argue that this construction is correct. Indeed, assume there exists a path

P = (S’ ap, Ul)(vla ai, Uz) s (Uk, Ak, t)

from s to ¢ in G that matches r and has pairwise disjoint edges. Then the path

P’ = (5", 0, Vs, a,00) Vs, a0, 01)> 305 Vo, a1, 02) V(0. a1,02)> 415 Vvg,a05)) " (Vogar.t)s ks )

is a simple path from s’ to ¢’ in H that matches o - r. The other direction follows analogously
since each path from s’ to ¢’ in H that matches ¢ - r has this form and we can therefore find the
corresponding path from s to ¢ in G. O

We note that, in the proof of Lemma 6.3, there is a clear correspondence between nodes in H
and edges in G. To be more precise, each node in H, except for s” and t’, corresponds to exactly one
edge in G. We therefore obtain the following corollary:

COROLLARY 6.4. Let r be an RPQ, G a graph, and s, t nodes in G. Let (H,s’,t") and o - r be the
instance obtained from G, s, and t as in Lemma 6.3. Then there exists a bijection f;, from the set of
trails from s to t in G to the set of simple paths from s’ tot’ in H such that o - lab(p) = lab(fs,(p)).
Moreover, f;, and fS;,l are computable in linear time.

Proor. Let p = (s, a1, u1)(u1,az,uz) - - (Un—1, an, t) be a trail in G. Then we define f;,(p) =
(sl’ g, U(s,al,ul))(v(s,al,ul)v ai, U(ul,az,uz))(v(ul,az,uz)’ az, U(uz,a3,u3)) T (U(un,l,a,,, t)> Ans t,) in H . Since all
edges in p are pairwise different, the nodes v(s_4,,u;)» U(us, ag, 15)s - - - » V(uun_y, an,+) (and s” and ') must
be pairwise different. The mapping f;,, is a bijection since each simple path p’ from s’ to t" in H has
such a form and we can therefore find the corresponding unique path fs;l(p’) fromstotinG. O

7 EVALUATION FOR TRAILS

In this section, we prove Theorem 3.7. To this end, we first consider the following fundamental
parameterized problems for trails:
o PTrailLength: Given a graph G, nodes s and ¢, and parameter k € N, is there a trail from s to
t of length exactly k in G?
e PTrailLength®: Given a graph G, nodes s and t, and parameter k € N, is there a trail from s
to t of length at least k in G?

By Lemma 6.2, the complexities of Theorems 4.3 and 4.6 carry over from simple paths to trails.

ACM Trans. Datab. Syst., Vol. ?, No. ?, Article ?. Publication date: June ????.



?:32 Wim Martens and Tina Trautner

THEOREM 7.1. PTraillLength and PTraillLength® are in FPT. More precisely, PTrailLength is in time
200) L |E|® and PTrailLength® in time 2°%) - |E|*log |E|.

Similarly, we can consider the trail version of the parameterized two disjoint paths problem,
where we require the paths to be edge-disjoint trails.

e PTwoDisjointTrails: Given a graph G, nodes sy, t1, $3, t2, and parameter k € N, are there trails
p1 from s; to t; and p, from s, to £, such that p; and p, are edge-disjoint and p; has length k?

The following theorem is immediate from Theorem 5.5 and Lemma 6.1(3).
THEOREM 7.2. PTwoDisjointTrails is W[1]-hard.

Next we will prove our main dichotomy for trails.

7.1 Upper Bound for Trails

LEMMA 7.3. Let c € N be a constant and let R be the class of STEs with at most c conflict positions,

that is, R is almost conflict-free. Then, PTrailExistence(R) is in FPT. More precisely, it is in time
20(Ir]) . |E|c+6.

Proor. On graph G, we use the construction from the proof of Lemma 6.3 to obtain a graph
H = (Vy, Eg) such that there is a trail from s to ¢t matching r in G if and only if there is a simple
path from s’ to ¢’ matching o - r in H (we can take o to be an arbitrary label). So we need to decide
whether there exists a simple path matching o - r in H. To this end, we will do the following:

(1) We relabel the expression r to a conflict-free expression 7. Then we enumerate all possible sets
S of nodes of size up to ¢ and relabel H depending on S, obtaining the graph Hs. We show that
there is a simple path from s’ to ¢’ in H that matches ¢ - r if and only if there is a set S such that
there is a simple path from s’ to t’ in Hg that matches o - 7.

(2) Using a simple brute force algorithm, we can get rid of o.

(3) We prove that Algorithm 2 does not only work for 0-bordered STEs, but also for conflict-free
STEs when we restrict the graphs such that every node has only outgoing edges with the same
label. Such graphs are obtained from the construction in Lemma 6.3. This allows us to use the
methods from Lemma 4.16 to decide whether there exists a simple path matching 7.

From (1)-(3) we can then conclude that deciding whether there exists a trail from s to ¢ matching
r with at most ¢ conflict positions can be done using |Vy|*! applications of Lemma 4.16, more
precisely, |V |¢ times for all different sets S and |Vy| times from the brute force algorithm to get
rid of the ¢. Since the time needed to find a simple path in Lemma 4.16 is 2°U7D . |V |3|Ey|, and
Vi and Eg are of size O(|E|) and O(|E|?), respectively (Lemma 6.3), we obtain a running time of
20(Ir]) . |E|¢+.

We start with (1). Let r; = By and rp = Bgyg with r = r;T*r;. We change r; and r; by relabeling
the labels in conflict positions. Let ¢; and c; denote the left and right cut borders of r. In ry, we
replace each conflict position A;, where i < ¢;, with A;. Here, A; is (A; \T) U {d | a € A; N T},
where we assume w.l.o.g. that a is a new symbol, not occurring in r. Analogously, we replace each
A}., where j < ¢, with A}, where A} = (A;. \TYu{a|ac A;. NT}. We name the resulting expressions
71,72, and ¥ = 71 T*F, to avoid confusion. Notice that the relabeling affects only conflict positions,
thus at most ¢ many A; or A’.

Then, we enumerate all subsets of up to ¢ nodes in H. For each possible subset S, we generate
the graph Hg by changing each edge (u,a,v) withu € Sand a € T to (u, @, v).

We prove that there is a simple path from s’ to ¢’ in H that matches o - r if and only if there is
a set S such that there is a simple path from s’ to ¢’ in Hg that matches o - F. Assume that there
is a simple path p = (s’,0,v1)(v1,a1,v2) - - - (vg, ag, ') from s’ to t’ in H that matches o - r. We
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chooseI; = {i|a; €e AinTandi < ci}andl = {{+1~-i]ar-; € A;NTandi < ¢y} and
S ={v; | i € ; UL}. Then, the path in Hg consisting of the same nodes as p, in the same order, is a
simple path from s’ to t" matching ¢ - 7 in Hs. Conversely, if there is a simple path from s’ to ¢’
matching o - 7 in Hg, for some set S, the path using the same nodes in the same order in H will
match o - r. This concludes (1).

For (2), we enumerate all nodes v € Vi with (s, 0, v) € Eg. Since s’ has no incoming edges by
construction, we cannot reach s’ (unless we start in s’) and therefore we do not need to explicitly
delete s’.

For (3), we prove in the online version of this article that Algorithm 2 also works for conflict-free
STEs when the graphs are restricted to those where every node has only outgoing edges with the
same label. Its proof is similar to the one of Lemma 4.12. The crucial part is that A - 'Acl (where ¢;
is the left cut border) and T have different labels. Since every node in Hg has only outgoing edges
with the same labels, the first ¢; nodes of a path matching A; - - - Acl must therefore be node-disjoint
from every path matching T*.

Thus, we can use the methods!” from Lemma 4.16 to decide whether, for any set S from (1) and
node v from (2), there exists a simple path matching 7 from v to ¢’ in Hs. O

7.2 Lower Bound for Trails

LEMMA 7.4. Let R be a class of STEs that can be conflict-sampled. If R is not almost conflict free,
then PTrailExistence(R) is W[1]-hard.

Proor. The proof follows the lines of Lemma 5.6, i.e., we give a reduction from PTwoDisjoint-
Paths. Let (Gpode, S1, 11, S2, £2, keol) be an instance from PTwoDisjointPaths. Since R is not almost
conflict-free and can be conflict-sampled, we can find an r € R with at least 4k, + 1 conflict
positions in time f(kco1), for some computable function f.

Let us assume that we have at least 2k.o; + 1 conflict positions in A; - - - A, where ¢; is the left cut
border of r. The case where we have at least 2ko1 + 1 conflict positions in Af, - - - A] is symmetric.
Therefore, r is of the form

Ay AT AL Aot Ay A T AL 2+ AL

Starting from Gpede, we will now split the nodes as in Lemma 6.1, and relabel the graph depending
on r. More precisely, fix three words wy, wy, and ws such that

o wy =ay--a, € L(A;---A), such that |wy| > 2ke + 1 and a; € A; N T in at least 2k
positions i € {1,...,¢; — 1},

® wy € L(Ac 41+ Ag,), and

o w; € L(A] AL

Notice that, since A; - - - A., has at least 2k, + 1 conflict positions, we can indeed choose w; such
that |wy| > 2keo1 + 1 and a; € A; N T in at least 2k, positions with i < ¢; — 1. We will refer to the
first 2k.o1 such positions as the conflict indices of wy. If i is a conflict index, we refer to the symbol
a; as conflict symbol.

We explain how Gpoge is changed. By definition of cut borders, we have that T ¢ A.,. So we can
fixanx € (T \ Ac,).

e As in Lemma 6.1, we split each node v into v and v
(incoming or outgoing) a-edge in Gyode, We label the edge from v to v

°ut Furthermore, if v has an adjacent

out with a. Otherwise,

7That is, depending on the form of 7, we use a simple reachability test, Algorithm 2, or a mixture of both.
18We use w3 € L(A/k2 -+ - A]) in case that r ends with A’k2 - - - A but also if it ends with A/kz? S AL
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we label it b. Observe that the resulting graph is the split graph of Gy,o4e, With some additional
labels. We therefore call the resulting graph split(Gpode)-

We replace each b-edge of split(Gyode) by an x-path of length ¢;.

We will now relabel the a-edges in split(Gpode) such that the resulting paths from si to 2t
match w;. We do this in several steps. The conflict positions on w; play a cruc1a1 role in
the graph and the substrings of w; between conflict indices will serve as “padding” on the
paths. Recall that w; has exactly 2k.o conflict indices {iy, . .., iz, }. Furthermore, 2k is the
length of every a-path from sm to t‘“ in split(Gnode) (due to the construction in Lemma 6.1
and Lemma 5.2(c)). Therefore, on each path from s} to tm, we can label the ¢-th edge with
the conflict symbol a;, from wy.

Since we only used the conflict indices of w; until now, we will still need to add padding to
the paths to ensure that every path from s to 12 matches wy. Furthermore, for the reduction
to be correct, this padding needs to be done in a particular way, which we explain next. We
label (¢, ac,, tf“t) with a;, € A,. (Since wy has 2k + 1 conflict positions, ¢; is not a conflict
index.) All paths from si" to 12" are of the form

in_ out_  in out | out
Uy Uy U uk o1 +1 %o +1
for some nodes uy, ..., Uk +1 from Gpode. For the correctness of the reduction, it will be
crucial that, for each j = 2, ..., ke, the edge between um to u}’“t is labeled with a conflict

symbol, so we can only replace the edges from u"“t to uﬁl
for every j = 1,..., ke — 1, we replace each such edge (uj s Qigs u}‘}rl) with a path labeled
wlig—y + 1,ip41 — 1] (Where all internal nodes on these paths are new). Notice that, for each
such edge, we have that 2 < ¢ < chol — 1, so ig—; and iy are indeed conflict indices of
wy. Additionally we replace (uOut ai,,u k +1) with the word wy[ix_,, |w| — 1]. If the word
wi[1, i1 — 1] is non-empty, we replace the edge (siln, ai,, s°%) with a new path labeled wy[1, i;].
As a result, every path from si" to £ is now labeled with w;.

e We add a path labeled w; from 2" to sén, which we will call the w,-labeled path, and a path
labeled ws from tgut to a new node ¢, which we will call the ws-labeled path.

with longer paths. Therefore,

col?

This completes the construction. Call the resulting graph Gegge-

We will now prove correctness, that is, (Gnode,sl, t1, 2, t2, keol) 1S @ yes-instance from PTwo-
DisjointPaths if and only if there is a trail from s;" to t matching r in Gegge.

For the direction from left to right, let p1 = uy, ..., ux_,+1 be a simple path of length ko from s;
to t; and p; a simple path from s; to t; in Gpede, such that p1 and p, are node-disjoint. By Lemma 6.1
the path split(p;) is a trail in split(Gpode). By construction, there is a unique path P; from si* to
t2"" in Gegge that contains all the edges of split(p;). (Indeed, P; is the path split(p,) with the extra
padding.) Moreover, this path P; is a trail that matches w;. Likewise, the path P, = split(p,) is
a trail in split(Gpode) and, by construction, also a trail in Gegge. Moreover, it matches T* because
every edge is either labeled x or labeled with a conflict symbol. Since p; and p, are node-disjoint,
P; and P, are also node-disjoint and therefore edge-disjoint. Finally, if P,,, and P,,, are the w,- and
ws-labeled paths respectively, then P, P,,, P,P,,, is a trail from siln to t that matches r.

For the other direction, let p be a trail from siln to t in Gegge that matches r. We need some
additional notions. For a path p in Gegge, We denote by contract(p) the path in Gyoqe obtained from
p by removing the padding and contracting node pairs (u', u°"t) back to u. Formally, if we view p
as a sequence u; - - - U, of nodes, such a path is obtained from p by removing all nodes except those
in {u°" | u € Vyode} and replacing each such node u®* by u. By definition of Gedge, the resulting
sequence of nodes is indeed a path in Gygge-

We will prove:
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(i) The path p; = contract(p[0, c1]) is a simple path from s; to #; in Gpode- Moreover, p; has
length kco1 and each edge in p; is labeled a (so it is even a path in G7 ).
(ii) The prefix of p of length k; ends in si" and is labeled w;ws.
(iii) The path p is labeled wiwyw’ws with w’ € L(T*). The ws-labeled suffix of p starts in 3" and
ends in .

We prove (i). By definition of r, the edge p[c; — 1,¢;] in Gegge is labeled by some symbol in A,,.
Therefore, this symbol cannot be x. By construction of Geqge, the only edges that are not labeled x
are either on some w;-labeled path from siln to tf“t, on the w;-labeled path, or on the ws-labeled
path. Since the ws-labeled path is not reachable from s; by a path of length at most ¢; and the
wy-labeled path starts in """ and is therefore only reachable from s; with a path of length at least
c1, the edge p[c; — 1, ¢1] must be on one of the w;-labeled paths from sifrl to tf“t. Furthermore, the
entire path p[0, ¢;| must be a prefix of some w;-labeled path from silrl to t?™. Indeed, if this were
not be the case, then p[0, ¢;] would have to contain an x-path of length ¢; (since we replaced every
b-edge in split(Gpode) by an x-path of length ¢;), which is impossible because it is too short for that.

This means that p; = contract(p[0, ¢1]) is indeed a path in Gpode and every edge of p; is labeled
a. Therefore, it is a path in GSO de* Since p[0, c1] has precisely 2k.o; conflict indices and additionally
contains the edge (£, a,, t?™), it contains precisely 2kco1+1 edges of the form (u™, u°"") or (u®™, v'")
for some nodes u, v € Vjode. Since, for each path p in Gye4e, the length of split(p) is 2|p| + 1, this
means that the length of p; is precisely k1. This implies (i).

Since all nodes that belong to the w,-labeled path have only one outgoing edge, and since the
path has length k; — ¢;, we have that p[0, k1] ends in s;n and must match w;wy. This shows (ii).

Since p matches r = Ay --- A, T"A --- A] (the case r = Ay --- A, T A} ?--- A]? is analogous)
and each word in A; - - - A, has length ky, it follows that lab(p) = wyw,w’ with w’ € L(T*A;(2 - A
By construction of Gegge, the ws-labeled path is the unique path of length |ws| leading to t. Therefore,
each path from siln to t in Gegge must end with the ws-labeled path which is from t;“t to t. Since ws €
L(A;CZ .-+ A]) and |ws] is the length of every word in L(A;(2 --- A]), we have that lab(p) = wiwyw'ws
where w € L(T™). So we have (iii).

Let p’ be the part of p labeled w’. It follows from (ii) and (iii) that p’ is a path from si" to tJ™.
Let p, = contract(p’). First note that, by definition of Gegge, the resulting sequence of nodes is
indeed a path in Gpede. We show that p; and p, are node-disjoint. We first note that p[0, ¢;] and
p’ contain v™ if only if they contain v°", since they start in si" and s)* and end in ™" and 3™,
respectively. Indeed, this is since o™ has only one outgoing edge and v°* only one incoming edge.
So, if v°% belongs to p[0, c;], it cannot be part of p’, otherwise p[0, c1] and p” both contain the edge
(v, v°ut), which would contradict that p is a trail. The same holds for nodes v°* that belong to p’.
This implies that p; and p, cannot share a node and are therefore node-disjoint. Together with (i),
we know that |p;| = kcol, which implies that p; and p; are solutions to PTwoDisjointPaths.

Finally, we note that the construction can indeed be done in FPT since the expression r € R
can be determined in time f(kco1) for a computable function f, and all changes we made to the
graph Gpode are in time h(kco]) - |Gnode |, for a computable function h, which is FPT. Indeed, we only
relabeled all edges, replaced each edge at most once with ¢; new edges, split each node at most
once into two new ones, and added other paths of length at most |r|. Since |r| < f(kco1), we have
an FPT reduction. O

8 ENUMERATION PROBLEMS

We now turn our attention to enumeration problems.
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8.1 Enumeration of Arbitrary Paths and Shortest Paths

We first show that enumeration for arbitrary and shortest paths can be done in polynomial delay.

It is well known that PathExistence(R) is in PTIME for the complete class R of RPQs. Indeed,
one only needs to construct the product of the graph (G, s,t) and an NFA N for the RPQ and
test if (¢, gr) is reachable from (s, go), where gy and gy are an initial and an accepting state of N,
respectively. This favorable complexity carries over to EnumPaths and EnumShortPaths. At the
core lies the following result by Ackerman and Shallit.

THEOREM 8.1 (THEOREM 3 IN [1]). Given an NFA N and a number ¢ € N in unary, enumerating
the words in L(N) of length £ can be done in polynomial delay.

This result generalizes a result of Mékinen [37], who proved that the words of length £ in L(N)
can be enumerated in polynomial delay if N is deterministic. Ackerman and Shallit genereralized
this result to nondeterministic N and proved that, for a given length ¢ (which they call cross-section),
the lexicographically smallest word in L(N) can be found in time O(|Q|?¢?), where Q is the set of
states on N. ([1], Theorem 1). They then prove that the set of all words of length ¢ can be computed
in time O(|Q|%€% + |2||Q|%x), where x is the sum of the length of the words of length ¢ ([1], Theorem
2). A closer inspection of their algorithm even shows that it has delay O(|%||Q|%|w|) where |w|
is the size of the next output. In fact, Ackerman and Shallit prove that the words in L(N) can be
enumerated in radix order.

It is easy to extend the algorithm of Ackerman and Shallit to solve EnumPaths in polynomial
delay as follows. Assume that we want to enumerate the paths from s to ¢ in G that match the RPQ
r. We construct an NFA N, for r and take the product with G. We interpret G X N, as an NFA and
define its set of initial states as {(s, i) | i is an initial state of N, } and its set of accepting states as
{(t, f) | f is an accepting state of N, }. The product automaton therefore has states (u, q) where u
is a node from G and q a state from N,. In the resulting automaton, we replace every transition
[(u1, 1), a, (uz, q2)] with [(u1,q1), (U1, a, u2), (us, g2)]. Enumerating the words from the resulting
automaton corresponds to enumerating the paths from s to ¢ that match r. Using Theorem 8.1, we
have the following corollary.

COROLLARY 8.2. EnumPaths and EnumShortPaths can be solved in polynomial delay.

For completeness, we note that counting the number of paths from s to ¢ that match a given
regular expression r is #P-complete in general, even if G is acyclic, see [36, Theorem 4.8(1)] and [5,
Theorem 6.1].1° The same holds for counting the number of shortest paths, since all paths in the
proof of [36, Theorem 4.8(1)] have equal length.

8.2 Enumeration of Simple Regular Paths

We now turn to enumerating simple paths with polynomial delay. A starting point is Yen’s algo-
rithm [57] for enumerating simple paths from a source s to target ¢, without label constraints. Yen’s
algorithm usually takes another parameter K and returns the K shortest simple paths. In the online
version of this article, we present a version for enumerating all simple paths and Algorithm 3 is
a variant thereof that enumerates all simple paths that match a regular expression r, in order of
increasing length.

We give a high-level explanation. We need the notion of derivatives of a language, see [16]. Given
a language L and a word w, the derivative of L w.r.t. w is defined as

wlL:={v| wov € L}.

19 Arenas et al. [5] actually prove that the problem is sPANL-complete. Although it is not known if sPANL = #P, they are
equal under Cook reductions.

ACM Trans. Datab. Syst., Vol. ?, No. ?, Article ?. Publication date: June ????.



1

2

3

11

12

13

14

Dichotomies for Evaluating Simple Regular Path Queries ?:37

ALGORITHM 3: Yen’s algorithm with regular expressions

Input: Graph G = (V, E), nodes s, t, regular expression r

Output: The simple paths from s to ¢ in G that match r

A0 > Ais the set of paths already written to output
B0 > Bis a set of candidate paths from s to ¢
p < ashortest simple path from s to t in G that matches r

while p # null do

output p
Addpto A
fori=0to|p|—1do
G « (V',E’), where V' =V \ V(p[0,i — 1])and E' = EN (V' x V’) > V(p[o,-1]) =0
for every path py in A with p1[0, i] = p[0,i] do
L Delete the edge p;[i,i + 1] in G’ > This also deletes p[i,i + 1] sincep € A

> G’ now no longer has paths already in A
p2 < a shortest simple path from pl[i, i] to t in G’ that matches (lab(p[0, i])) "1 L(r)
B Add p[0,i] - p2 to B

p < ashortest path in B > p—nullifB=10

| Remove p from B

The first solution in Algorithm 3 is obtained by finding a shortest simple path p that matches r
(line 3). The next simple path must differ in some edge from p. So we search (if it exists), for all
i, a shortest simple path that shares the first i edges with p, but not the (i + 1)th edge. The first
part of the path is identical to p, while the rest must match the derivative of L w.r.t. lab(p[0, i]),
i.e., it must match (lab(p[0, i]))"'L(r). All paths found in this way match r and one of the shortest
simple paths found this way is the next solution, which we again store in p. The next simple path
must again differ in some edge from the paths we already found. So we search again, for all i, for
a shortest simple path that shares the first i edges with the new p, but not the (i + 1)th edge. To
avoid rediscovering an old path, we also forbid other edges to appear in the new path (lines 9-10).

In the next theorem, we state that Yen [57] showed that Algorithm 3 works without regular
expressions, that is, for r = ¥*.

THEOREM 8.3 (IMPLICIT IN [57]). Given a graph G, nodes s and t, and r = X*, Algorithm 3
enumerates all simple paths from s tot in polynomial delay.

Proor skeTcH. The original algorithm of Yen [57] finds, for a given G, s, t, and K € N, the K
shortest simple paths from s to t in G. It has two differences with Algorithm 3, namely that it does
not take regular expressions into account (or assumes that » = X*) and that it stops when K paths
are returned.

Let G = (V,E). Yen does not prove that his algorithm has polynomial delay, but instead shows
that the delay is O(K|V| + |V|*).2% On lines 3 and 11, he uses an algorithm from [55] to find a
shortest, and therefore simple, path in time O(|V|?). (Instead, one can also use Dijkstra’s algorithm
or breadth-first search.) Notice that the derivative (lab(p[0, i]))"*L(r) on line 11 is again * since
r=>x"

Unfortunately, K can be exponential in |G| in general. However, the reason why the algorithm
has K in the complexity is line 9, which iterates over all paths in A. If we do not store A as a linked

201n [57], Section 5, he notes that computing path number k in the output costs, in his terminology, O(K N') time in Step I(a)

and O(N?) in Step I(b), with N = |V|.
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list as in [57] but as a prefix tree of paths instead, the algorithm only needs O(|V| + |E|) steps to
complete the entire for-loop on line 9 (without any optimizations). Indeed, if paths p and p”’ share
the first i edges, they will share a path of length i from the root node in the prefix tree. So we
can find all forbidden (i + 1)th edges by forbidding all edges that start at the end of this path. We
therefore obtain delay O(|V|* + |V||E|) from Yen’s analysis. O

By inspecting Yen’s correctness proof, one can infer the following.

REMARK 1. Yen’s algorithm is also correct if we store an arbitrary simple path from s tot inp on
line 3 and from p[i,i] to t in G’ in p, on line 11. For completeness, we provide a proof in the online
version of this article.

8.2.1 Enumeration for Downward Closed Languages. Yen’s algorithm can easily be adapted to solve
EnumSimPaths for regular languages, see Algorithm 3. In the case of languages that are closed
under taking subsequences (downward closed languages), we will see that the algorithm even runs
in polynomial delay. We want to make this more precise and also present a general method for
using (variations of) Algorithm 3 for enumeration problems with time guarantees.

REMARK 2. Algorithm 3 makes two important calls to a black box algorithm for computing a shortest
simple path that matches a regular language, namely on lines 3 and 11. (There is another mention of
“shortest path” on line 13, but here we only need to find a shortest path stored in B. It is only important
for the ordering of the outputs and not for the correctness of the algorithm.)

We can generalize and formalize this remark as follows.

LEMMA 8.4. Let R be a class of regular expressions. If there exist algorithms A, and A, that, when
given as input a graph G, nodes s and t, word w, and r € R, return in time f(n) (with f(n) > n),

(1) a simple path froms tot in G that matches L(r) if it exists and “no” otherwise and
(2) a simple path froms tot in G that matches w™'L(r) if it exists and “no” otherwise

respectively, then EnumSimPaths(R) is in delay O(|V|f(n)) with preprocessing time O(f(n)), where
n=|G|+|r|

Furthermore, if A; and Ay always return a shortest simple path (resp., a smallest simple path in
radix order), then the enumeration can be done in order of increasing length (resp., in radix order),
with the same time guarantees.

Proor. The algorithm for EnumSimPaths(R) consists of Algorithm 3, where we call A; on
line 3, algorithm A, on line 11, and choose an arbitrary path, shortest path, or smallest path in
radix order in B on line 13, depending on whether we want to enumerate in arbitrary order, order
of increasing length, or radix order, respectively. The correctness follows from Remark 1.

Clearly, we need time O(f(n)) to output the first path (if it exists). Then, Algorithm 3 does up to
|V| iterations in line 7. If we use a prefix tree as a data structure for A, we can insert or find a path
p in A in O(|V]) time. Thus we can also find the right node in the prefix tree and then delete the up
to |E| many outgoing edge in G line 10 in O(|V| + |E|). In line 11, we call algorithm Aj.

In line 13 we need to find a minimal path among the candidates in B. If we again use a prefix
tree as a data structure and start with |p| instead of the first node in p, we can always output the
leftmost path which is a minimal simple path. Finding and deleting are in time O(|V). Thus, we
have a delay of O(f(n)) until the first output, and afterwards time O(|V|(|V| + |E| + f(n))). O

We will now use Lemma 8.4 to infer upper bounds on EnumSimPaths.

PROPOSITION 8.5. Let R be the class of regular expressions defining downward closed languages.
Then EnumSimPaths(R) is in polynomial delay, even when the paths need to be enumerated in radix
order.
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Proor. We prove the existence of polynomial time algorithms A; and A, for the two problems
in Lemma 8.4, from which the result follows. Proposition 4.2 guarantees that we can find a smallest
path in radix order that matches r in time O(|G|?|r|?|V|?), which is sufficient for A;. For Ay, it is
easy to construct an NFA N with L(N) = L(r) in polynomial time. We observe that, for each word
w, the derivative w™'L(N) is again downward closed and we can compute an NFA for it in linear
time (by simply redefining the set of initial states). After that, we can again use the algorithm from
Proposition 4.2 to compute a smallest path in radix order. This concludes the description of A,. O

Using Lemma 6.3, we can immediately show that the upper bound from Lemma 8.5 also holds
for trails.

COROLLARY 8.6. EnumTrails is in polynomial delay for regular expressions r such that L(r) is
downward closed, even when the paths need to be enumerated in radix order.

Proor. Given r € R and a graph G. We use Lemma 6.3 to construct (H, s, 1), . .., (H, Sy, tn).
The algorithm in Lemma 8.5 allows us to enumerate all simple paths from s; to t; in H that match r
in radix order. Therefore, we use n parallel instances of this algorithm to enumerate, for all i, all
simple paths from s; to ¢; in H in radix order. Since each simple path in each H corresponds to a
trail in G, see Corollary 6.4, we can also output the corresponding trails in polynomial delay with
radix order. O

8.2.2 Enumeration for Simple Transitive Expressions. We show that Theorem 3.5(a) — the FPT part
— can be extended to enumeration problems. We do not need to prove any hardness results, since
hardness for enumeration problems immediately follows from the hardness of their decision version,
i.e., Theorem 3.5(b). To this end, a parameterized enumeration problem is defined analogously to
an enumeration problem, but its input is of the form (x,k) € ¥* X N. It is in FPT delay if the
preprocessing time (time before writing the first answer) and the time between writing every two
consecutive answers is bounded by f(k) - |(x, k)|¢ for a constant ¢ and a computable function f.
Notice that each problem in polynomial delay is also in FPT delay.
The goal of this section is to prove the following theorem.

THEOREM 8.7. Let R be a cuttable class of STEs. Then PEnumSimPaths(R) is in FPT delay, even
when the paths need to be enumerated in radix order.

This theorem immediately implies that the enumeration versions of PSimPathLength and
PSimPathLength® (from Section 4.2) are in FPT delay.

THEOREM 8.8. PEnumSimPathLength and PEnumSimPathLength> are in FPT delay, even when the
paths need to be enumerated in order of increasing length.

We now turn to proving Theorem 8.7. In fact, the proofs of the enumeration results are all along
the same lines and use Lemma 8.4. The FPT algorithms for the decision versions of the problems
can be used as A; in Lemma 8.4. We also show that we can provide A;. To this end, we will prove
that each derivative language of an STE with cut border c is a union of STEs with cut border at
most ¢ (see Lemma 8.9). Finally, we prove that both algorithms A; and A, can be adjusted to return
the smallest matching path in radix order if it exists.

We first show that derivatives of STEs are unions of STEs with at most the same cut border.

LEMMA 8.9. Let w € X* and r be a c-bordered STE of size n. Then w™'L(r) is a union of STEs
T1s...,Tm that can be computed in time O(|w||r|) such that

e m < nand
o eachr; is ¢’-bordered for some ¢’ < c.
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Furthermore, if r is an STE with at most ¢ conflict positions then, every STE in w™'L(r) also has at
most ¢ conflict positions.

ProOF. Let r = B; - - - B,, be a c-bordered STE such that each B; is either of the form A, A?, or T*
as in Definition 3.2. Let w € £*, J,, = {j | w € L(B; - - - Bj)}. Then a regular expression for w™'L(r)
consists of the union

z:je]WBjH o 'Bn
and, if w € L(B; - - - Bj) with B; = T*, we add B; - - - By, to the union.
Clearly, the union is of size at most n, and since each expression Bj,;--- B, or Bj--- B, is ¢’-

bordered for some ¢’ < ¢ by definition, the result follows. Since we can test w € L(r) in O(|w]|r|),
we can compute J,, and therefore also the derivatives in O(|w||r|). o

Example 8.10. For the regular expression r = a*aab and the word w = aaaq, the derivative w™'L(r)
is {a*aab + aab + ab + b}.

Lemma 8.9 implies that we can strengthen Lemma 8.4 in the case of STEs.

LEmMMA 8.11. Let R be a class of STEs. If there exists an algorithm A that, when given as input a
graph G, nodes s and t, and r € R, returns in time f(n) (with f(n) > n),
a simple path from s to t in G that matches L(r) if it exists and “no” otherwise,
then EnumSimPaths(R) is in delay O(|V||r|f(n) + |r| - [V|®) with preprocessing time O(f(n)), where
n = |G| + |r|. Furthermore, if A always returns a shortest simple path (resp., a smallest simple path in

radix order), then the enumeration can be done in order of increasing length (resp., in radix order),
with the same time guarantees.

Proor. Since we search for simple paths, we only need to compute derivatives for words w of
length at most |V|. Lemma 8.9 implies that we can compute a single such derivative in time O(|V||r|).
According to Lemma 8.9, each derivative of an STE with cut border ¢ is a union of at most |r| many
STEs with cut border at most c. Therefore, we can use algorithm A to also solve problem (2) in
Lemma 8.4, by running it for each STE in the union separately. The smallest existing path in radix
order can be found by taking the smallest returned path overall, for each STE in the union. To be
precise, we need O( f(n)) time until the first output, and afterwards delay O(|V|(|r|- f(n)+|r|-|V|?)).
Since w is a prefix of lab(p), the algorithm needs to compute w™'L at most |V| times in each of the
|V| iterations in line 7. O

If one is not interested in enumerating the simple paths in a particular order, then Lemma 8.11
and Lemma 4.17 immediately imply that EnumSimPaths(R) is in FPT delay for cuttable classes R
of STEs. (The algorithm for Lemma 4.17 can output a witnessing path if it exists.) (By Remark 1,
it is sufficient for the correctness of Yen’s algorithm to be given simple paths. This observation
propagates through Lemmas 8.4 and 8.11.) In the following, we will strengthen this to show that
enumeration is even possible in radix order.

Enumeration in Radix Order. In the remainder, we will show how the decision algorithm for
Theorem 3.5(a) can be adapted to return a smallest path in radix order. From now on, we refer to
such a path as a minimal path. We show that Algorithm 2, for computing a simple path matching a
0-bordered STE, can be adjusted to compute a minimal path.

LEMMA 8.12. Let G be a graph, s and t nodes, andr = A; - ~Ak1T*A;<2 .-+ Al a 0-bordered STE. If
there exists a simple path from s tot matching r, then a shortest such path can be computed in time
20UrD |V 3 |E| and a minimal such path in time 20Ur1°g1rD . |y/|6|E|2,

ACM Trans. Datab. Syst., Vol. ?, No. ?, Article ?. Publication date: June ????.



Dichotomies for Evaluating Simple Regular Path Queries 2:41

Proor. Since Algorithm 2 already solves the decision version of the problem, we only need to
show that it can be adapted to compute a shortest, resp., minimal path in the required time. We
first show that Algorithm 2 can output a shortest path. If Algorithm 2 returned ‘yes’, there exist
nodes x,y € V and sets X € P;lx and X’ € P;ZU , and a simple path p from x to y that matches T*
and is node disjoint from X and X’ except for x and y. (See Lemma 4.12.) By definition of Py, the
nodes in X € P;lx form a path from u to x that matches r; = A; - - - Ag,. The construction of Issrfx in
Lemma 4.10 allows us to order the elements in the sets such that they directly correspond to such a
path. (In fact, the construction is analogous to [25, Lemma 5.2], which also shows that a witnessing
path can be obtained.) So we can construct a path p; from u to x that uses only nodes in X and
matches r; and a path p, from y to v that uses only nodes in X’ and matches r, = A;(Z .-+ Al. This
also holds for a shortest such path, see Corollary 4.13.

To output a minimal path, we need to make some small changes to Algorithm 2. That is, we
enumerate in line 2 all words w; € L(r;) and compute psw x Qﬁ}; kot Py" for each such word. This
way we can ensure that we really considered each word and, in particular, each prefix of a minimal
simple path that matches r.2! We proceed analogously in line 7 for all words wy € L(r3).

Thus, we can use Algorithm 2 and iterate, for all words w; and w; and all nodes x,y over
Py, <kl PYL in line 2 and P;” 3 €, in line 8. Then we find a minimal simple path from x to y
matching T* in line 11 in time O(|G|?|r|?|V|?) with Proposition 4.2.

Concerning the time bounds, Algorithm 2 without changes has a running time of 2007 |V |¢+3|E|,
see Lemma 4.15. Iterating over the words is in O(|r|I"!) and using Proposition 4.2 instead of
Lemma 4.1 and the reachability test for T* adds a factor O(|G||r|?|V|?). Rewriting O(|r|"!) into
200rloe ) yields the result. O

Finally, the following result implies Theorem 8.7.

LEmMMA 8.13. Let R be a class of STEs with cut border at most c. Then EnumSimPaths(R) is in FPT
delay with radix order, to be more precise, with 20118 17D) . ||+ E|2 preprocessing time and delay
20Urlloglr) .y |¢+7| E|2, If we only need order of increasing length, the preprocessing is 207D .|V |¢+3| E|
and the delay is 200D . |V|e*4|E].

Proor. By Lemma 8.11, we only need to show the existence of an algorithm A that finds a
minimal path within the required time bound. To this end, let r € R and let ¢; and c; be the left and
right cut border of r, respectively. Hence, r = A; ... A 1’AL, - - - Al. (If ¢; = 0, then the respective
part of r is simply missing.) We can compute, for all u,v € V, all paths p; from s to u matching
A;--- A, and all paths p, from v to t matching A/, - -- A} in time O(|V|¢).22 We then do a loop
over all pairs (p;, p2) of such paths that are node-disjoint. For each such pair, we will compute a
candidate path P, p,). The overall idea of the algorithm is that it first computes all such candidate
paths and then, when it has iterated through all (p;, p;), takes the minimal one.

For the remainder of the proof, fix such a pair (p;, p,) and let p., and p, be the smallest paths (in
radix order) obtained from p; and p; by considering the edge labels in G. The subexpression r’ of
r is of the form r’ = B, . T*B,  and is 0-bordered. So we now search for a minimal simple path
matching r’ from u to v. We first delete in G all nodes in (V(p;) \ {u}) U (V(p2) \ {v}). Then, we
perform a case distinction on the form of r’.

Ifr' =A?-- ~Ak1?T*A;<2? --+ A]?, its language L(r’) is downward closed, so we can find a simple
path p matching r’ that is a minimal path using Proposition 4.2 and take P(,, 5,) = pe,p Pe,-
21f we start in Lemma 4.12 with a minimal simple path, we can replace P with a P’ such that P’ and R do not intersect. If
additionally P and P’ match the same word, the new path must also be a smallest one in radix order.

22For the purpose of the proof, it suffices to compute the paths without the edge labels here. We can find the labels on the
edges in p; and p; that are smallest words in the corresponding expressions in radix order later.
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Forr' = A¢41- - Ak, T*A;cz . -A’CZH, we know from Lemma 8.12 that we can compute a minimal
path p. We then define P, ;,) = pe,p Pe,-

If " has another form, thatis r’ = A¢, 11 -+ - Ag, T*A;(z? < Al?orr’ = Ag?- - Ay ?T*A;CZ .- ~A'Cz+1,
we can also obtain a minimal simple path. In the first case, we again iterate over all words w; €
Ac 41+ - Ak, compute the minimal path in p;le Qfe{; P, and use Proposition 4.2 to find a
minimal path from x to t for the downward closed part. The other case is symmetric.

In each of the cases, the algorithm then iterates through all (p;, p») and, for each such pair, adds
a candidate path. Finally, it outputs the smallest candidate path.

Concerning the running time, we need time O(|V|°) to guess p; and p,. To output a simple path
(not necessarily minimal), we need 20U . |V|¢*3|E| time, see Lemma 4.17. This is also the time we
need to output shortest simple paths, since we can use the same algorithm. For minimal paths in
radix order, we use Proposition 4.2 with running time O(|G|?|r|?|V|?) instead of Lemma 4.1 with
running time O(|G||r|) and instead of the reachability test for the T* part. Furthermore, depending

on r, we might need to enumerate all words wy € L(A, - - - Ag,) and wy € L(A;CZ .-+ A7), and compute

the rest of the algorithm depending on these words. Thus we need 2°Ur11ogIrD . |y|¢+6|E|2 time
overall in this case. The delay then follows from Lemma 8.11. O

8.3 Enumeration of Trails
The FPT result from Theorem 3.7 also carries over to enumeration problems. That is:

THEOREM 8.14. Let R be a class of STE that is almost conflict-free. Then, PEnumTrails(R) is in FPT
delay, even when the paths need to be enumerated in radix order.

More precisely, we obtain the following delays:

LEmMA 8.15. Let R be a class of STEs with at most ¢ conflict positions. Then, PEnumTrails(R) is in
FPT delay with radix order, to be more precise, in 20Ur108 1D | E|e+11 preprocessing time and delay
20Urlloglr) . |E|*12_ If we only need order of increasing length, the preprocessing is 20D . |E|*¢ and
the delay is 200D . |E|+7,

Proor. By Corollary 6.4, we have a bijection between the trails matching a word w in G and
the simple paths matching o - w in H, where H is obtained from G as in Lemma 6.3. Here, o is an
arbitrary label from X. Thus, we can use Lemma 8.11 on H = (Vy, Epy) to enumerate the simple paths
in the respective order and output the corresponding trails in G. We note that, due to Lemma 8.9,
derivatives of STEs with at most ¢ conflict positions again have at most ¢ conflict positions. The
computation time and size bounds can be found in Lemma 8.9.

So we need an algorithm that computes simple paths on H, matching o - r and derivatives thereof
in the respective order. Notice that the existence of such an algorithm is not immediate from our
results on simple paths, since R is not necessarily cuttable. In fact, we need to relabel H and r as
in (1)—(3) from the proof of Lemma 7.3. In (1), we relabeled r and some edges of H. Concerning
the ordering of labels, we assume that, if a < b, thena < a <b < b. Notice that every A;, T, or A;
has only a or a but not both, so this ordering does not affect the minimality of the path that we
find. For every minimal path p matching o - r in H there is a set S such that a minimal path in Hg
matching o - 7 will use the same nodes in the same order as p. We can compute, for each set S, a
minimal path pg in Hs, compare all such paths ps, and take the minimal one. In (2), we only get rid
of o, so this will not change the minimality of a path. Finally, in (3), we use the same methods as in
Lemma 4.16, which can be used to output simple paths in the respective order, see Lemma 8.13.
Using the bijection between these simple paths and the trails in G, we can enumerate the trails.

So we can indeed output trails in the radix order or in order of increasing length. We now turn
to the running time. Combining the blow-ups from the construction in Lemma 6.3 and the multiple
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graphs Hs we obtain from each different choice of S, we can find a shortest simple path that matches
o - 7 in time 207D . |E|**® and a minimal simple path in time 2°U11egI) . |E|e+11 Together with
Lemma 8.11 this enables us to enumerate the simple paths and output the corresponding trails with
delay 200D . |E|**7 for order of increasing length and delay 290D . |E|¢*12 for radix order. O

9 CONCLUSIONS

We have provided an extensive overview of evaluation and enumeration problems for regular path
queries in graph databases under arbitrary paths, shortest path, simple path, and trail semantics.
Our two main technical results are two dichotomies on the parameterized complexity of evaluating
simple transitive expressions (STEs), which are a class of regular expressions powerful enough to
capture over 99.99% of the RPQs occurring in a recent practical study [15]. These dichotomies
apply to simple path and trail semantics. Under simple path semantics, the central property that we
require for a class of expressions so that evaluation is in FPT is cuttability, i.e., having bounded
cut borders (also see Figure 2). Looking at Table 3, we see that the cut borders for expressions in
practice are indeed very small: it is one for a*b, two for abc*, and zero in all other cases. Under
trail semantics, the central property for evaluation in FPT is almost conflict freeness, i.e., a constant
number of conflict positions. Looking again at the underlying data for Table 3, we discovered that
all STEs had zero conflict positions. (We needed to look deeper again, because some classes in
Table 3 aggregate others. For instance, “a*b” also contains expressions of the form aa*.)
Therefore, although evaluation under simple path and trail semantics of RPQs is known to be
hard in general, it seems that the RPQs that users actually ask are much less complex.?* In fact,
since the vast majority (over 99%) of expressions in Table 3 has cut borders of at most two and no
conflict positions, our FPT results in Theorems 3.5 and 3.7 imply that evaluation for this majority
of expressions is in FPT with small parameter. Recall that, if P # NP, this is impossible even for
fixed expressions: evaluation for a*ba* or (aa)* under simple path semantics is NP-complete.

Beyond STEs. From a theoretical perspective it would be interesting to see to what extent our
techniques can be used beyond STEs. We already observed that the FPT results extend to unions
of STEs. Here, we briefly touch on another related class of expressions. Let an extended STE be a
regular expression of the form

BpreT; o T]:Bsuffa
where By and By are as in Definition 3.2.

Similarly to Section 3.5.1, if Byre = Aj - - - Ag,, we can define the left cut border to be the maximal
i with A; N'T; # 0 for some j € {1,...,k}; and zero if By = A;?--- A, ? (analogously for the
right cut border). With these definitions, the lower bound proof in Lemma 5.6 directly works
for non-cuttable classes (that can be sampled) of these expressions and the FPT upper bound in
Lemma 4.17 directly works for cuttable classes. Concerning trail semantics, it seems that the bounds
do not immediately transfer and some more work is required. Another interesting direction would
be to investigate to which extent the dichotomies extend to two-way regular path queries.
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